ECE 2704
Signals and Systems
Spring 2006

Instructor: Dr. R. Michael Buehrer VAR

Lecture #13:. Properties of the
Fourier Transform




Overview

Today we continue our discussion of the
Continuous Time Fourier Transform (CTFT)

The current lecture focuses on the properties
of the Fourier Transform

These properties are very similar to the
properties that we studied earlier for the CTFS

Understanding the properties and a handful of
basic Fourier Transforms allows us to
determine most of the Fourier Transforms of
Interest

What to read — Section 5.5 In the text
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Linearity
I z(t)=ax(t)+ By(t)
Then Z(f)={z(t)e "> "dt

{ax(t)+py(t)}e > dt

é'—oS é'—.S

aj x(t)e = dt +ﬂj y(t)e ' dt

aX (f)+pY (1)

In other words

aX(t)+ﬂy(t)< a >aX(f)+ﬂY(f)
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Time Shifting

Let z(t)=x(t—t,)
Then Z(f)= [ 2(t)e =" dt
_ x(t—t,)e * " dt

let © = t-t_

X(t_to)< FS >e—j27rftox ( f)
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Frequency Shifting

L et z(t)=e!*""x(t)

Then Z(f)= Oo z(t)e 27 dt

o0

_ - ejzﬂfotx(t)e—jZﬂﬂdt

]‘O X(t)e—sz(f—fO)tdt

- X (f-1,)

ej27rf0tx<t>< FS >)( (f . fo)
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Interpretation PP

Shifting by a constant in the time domain results in a
phase shift in the frequency domain
Note that the phase shift changes with frequency since
a constant time results in different phase values at
each frequency
0 = 2xft,
The magnitude of the Fourier Transform remains the

same — This should make sense since shifting in time
does not change the properties of the signal

Shifting by a constant in the frequency domain results

In a multiplication by a complex sinusoid in the time
domain
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Time Scaling

Let z(t)= x(at)

Then the Fourier Transform is

z(t)e 1* "dt

Let A=at




Frequency Scaling

Let

Z(f)= X (af)

Z (f)el?*"df
X (af )el**"df

oj2 X (/I)esz(/i/a)td/l

Let A=af




Scaling - Interpretation Y

Scaling a signal in time by « scales the Fourier transform (i.e.,
the signal in frequency) by 1/a.

Scaling a signal in frequency by « scales the time domain signal
by 1/ c.

Does this make sense? Recall our previous discussion that
time and frequency are reciprocal.

Let assume that ¢ > 1. Scaling a signal in time by « speeds the
signal up in time.
The resulting transform is scaled by 1/« which slows
the transform down in frequency — this means that
more of the larger frequency values are present to
accomplish faster changes.

Scaling a signal in time by 1/« slows the signal down in time.

The resulting transform is scaled by « which speeds it
up in frequency — this means that more low frequency
values are present to account for slower changes.
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Transform of a Conjugate

Let z(t)=x(t)




Convolution In Time

Let z(t)=x(t)*y(t)

Then Z(t)e—jZﬂftdt

N
—~~
—
~—
Il

{x(t)*y(t)}e 1> "dt

K_J%\
5'3'—;8

Changing the order of
Integration:

é'—.8 g =8 =8 =38

X(r)y(t—r)dr}ejz”ftdt
{j t—7)e ‘Z”ftdt}dr

F{y(t-r)}

T Je ¥ty (f)de
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Convolution (cont.)

Finishing ....
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Multiplication in Time

Now let z(t)=x(t)y(t)

N
—~~
—
~—
Il

Changing the
order of
integration

g8 =8 =8 {—3
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Multiplication (cont.)

Continuing ...
Z(f)=[Y ()X (f-2)d2
X (F)RY ()
X(t)y(t)—— X (f)*Y(f)

Thus, convolution in the time domain results in
multiplication in the frequency domain while
multiplication in the time domain results in
convolution in the frequency domain.

This can greatly simply some system analysis
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Time Differentiation LAl

Using the Fourier Transform representation of
X(t) and taking the derivative

d d

Six0)= 2] T x e

= [ j2x X (f)el"df

—F Y jorfX (f
Thus, U (1)

d -
—3IX(t)+< s 121X ( f
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Modulation WYY

A common operation in communication systems is
modulation or the multiplication of a signal by a high
frequency sinusoid:

z(t)=x(t)cos (2 ft)
We can find the Fourier Transform of z(t) using the
multiplication-convolution property

Z(f)=X(f)*F{cos(2nft)}
sllorf_ )41

X (1) {26(f fc)+26(f+fc)}

Using the sifting property of the impulse
1 1

Z(f)_Ex(f—fC)JrEx(erfc)
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Parseval’s Theorem RARAA

While the time domain signal x(t) and the frequency

domain signal X(f) appear quite different they do
have the same energy.

That is
E, =[x dt= [|x (1) dt

In other words, it doesn’t matter whether | calculate
the energy of a signal in the time domain or in the
frequency domain, | get the same result.

This should make sense since the two representations
are equivalent
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Parseval’s Theorem - Proof

First recall that |x(t)|? = x(t)x*(t). Then, from the
multiplication and conjugate properties of the Fourier
Transform:

X(8)X7(t)—— X (f)*X" (=)
Rewriting the Fourier Transform relationship:

o0 o0

_joox(t)x* (t)e 2" dt = __[O X (2)X"(=(f-2))d2
- [ X ()X (A= f)da

Since this must hold for any value of f, let us choose f

=0: Tx(t)x*(t)dt: [ X (2)Xx"(2)d2

—0o0 —0o0

I x () dt=[|x(4) d2 Q.E.D.

—o0
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Duality

Due to the similar nature of the Fourier
Transform and the Inverse Fourier Transform,
the CTFT exhibits the duality property.

The duality property says that if we have the
Fourier Transform pair

X(t)—— X (f)
—— then we also have the Fourier Transform pair

X (t)e——x(—f)
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Example LAkl

From our previous development we know the
following FT pair

rect (t)«——sinc( f)
The duality property says that

sinc(t)«——rect(—f )= rect(f)

Check: Find the Inverse Fourier Transform for

1

rect(f)

a2 1P ¢
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Example (cont.)
Check: X(t)= [ X (f)er="df

—0
1/2

_ I ej27rftd.|:
-1/2

pi2ntt 1/2

j27rt
ej/ﬂ e—j;zt
j27t - j27rt
1 ej7zt _e—jizt
ot 2 ]
_sin(xt)
- i
=sinc(t)

-1/2
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Example (cont.) PP

More generally, consider the function X(f) = rect(f/B):

X(t)= [ X (f)e* "df
— I ej27zftdf
-B/2

ej27rft B/2

j2rt 8/

ejﬁtB e—jﬂtB

j2rt - j2rt
1 ej/ftB . e—j;ztB
mt 2 |

B sin (7Z'tB)

7t
= Bsinc(tB)



Example 2

From our previous development we know the
following FT pair

A%é( f )
The duality property says that

5(t)—F—

Check: Find the Fourier Transform for
X (f)= [ x(t)e > "dt

= j 5(t)e ¥ dt

_ e—j27zft

t=0
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The FT and the Total Area Integral

The total area under a function can be
determined by evaluating the Fourier
Transform at f=0:

>
—~~
—
~—
Il

>
—_
(@)
~—
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é'—o8 é'—o8 é'—;S
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Integration

Just as we have the property

d _—
—IX(t)}+ s 120 X ( f

Similarly we can show that
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Summary of Properties

Property

Conjugation X" (t)@ X" (—k)
Linearity ( )_|_6y< >%@X( )—I—ﬂY(f)
Time-shifting

X(t—t, )e——e ¥ X (f)

Frequency-shifting

ejZWf"tX(t)%X(f — f )

Time reversal

X(—t)e—— X (—f)

Time-differentiation

—{x(t)} = (j2n )X (f)

Time-integration

d

dt t
fX(T)dT kS L X(f)
o j2m f

Time/freg-scaling

)

Multiplication

x(at)e—F——=X
X(t)y(t)e—F— X (f)*Y (f)

Convolution

3
X(O)*y(t)e—— X ()Y (f)




Summary

In this lecture we have examined several
properties of the Fourier Transform

The properties are very similar to those for
the Fourier Series

We will find these properties very useful in
determining the Fourier Transform of arbitrary
signals.

Using a simple table of Fourier Transforms

and FT properties, we can determine the FT of
most signals of interest.
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