ECE 2704
Signals and Systems
Spring 2006

Instructor: Dr. R. Michael Buehrer
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Lecture #18: Properties of the vV
Laplace Transform

Overview ikl

Today we continue our discussion of the Laplace
Transform
The current lecture focuses on the properties of the
Laplace Transform
These properties are very similar to the properties that
we studied earlier for the Fourier Series and Fourier
Transform
Understanding the properties and a handful of basic
Laplace Transforms allows us to determine most of the
Laplace Transforms of interest
Note that we consider the unilateral Laplace
Transform

What to read — Section 9.3 in the text
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Preliminaries ikdih

For the following lecture we assume that
x(t)=0 t<0
y(t)=0 t<0

L{x(t)}=X(s)
jx(t)e’s‘dt
Y (s)
:jy(t)e’“dt
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c{y(t)}




Linearity
If z2(t)=ax(t)+By(t)

Then Z(s):fz(t)e’“dt

[{ax()+ py()eat

aI x(t)e’“dt+ﬂj y(t)e“dt
=aX(s)+pY(s)
In other words
lax(t)+ By (t) ——aX (s)+ Y (s)
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Time Shifting Lkl
Let z(t)=x(t-t,)
Then 2(5)=2()e "ot
— [x(t-t,)eat
|
= fx(e)ear
[ = [x(e)ear
Note that this :e’“”; (s)
geee | B X ()
Example

We know from before that
1
u(t)«——
S

Additionally, we have seen

g(t—t,)«—>G(sle ™

If we want to find the unilateral Laplace transform of
u(t) — u(t-4)

ads
= u(t)—u(t—4) s s Lo 178
S S S
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Complex Frequency Shifting

Let z(t)=e>x(t)

Then

e¥x(t)—— X (s—s,)
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Time Scaling

Let z(t)=x(at)

Then the Laplace Transform is

2(s)= [ 2(t)e "t

= I x(at)edt
:é_fx(ﬂ)e’(“”dﬁ
- ,le 5
Note that this _ax[ﬂ] a-0
Boples for 8> 0 L 1o(s
sl ora> 0. x(at)<—»5x[g] a0
Frequency Scaling

From the last slide we have

x(at)<—L—>£X [E a>0
a la

Now letb = 1/a

x[%}—L—rbX (bs) b>0

éx[t};»x(bs) b>0
b (b

Note that thi 1 [t
pr%[?ertyaonll; —X [—] <—L—> X (a.s> a> 0
applies for a > 0. a a

Why?

Signals & Systems
Spring 2006




Convolution in Time

Let z(t)=x(t)*y(t)

Then Z(s)= Tz(l)e’“dI

Changing the order of = I X(r){f y(t- r)e’s'dt}d T
integration: 0 0
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Convolution (cont.)

2(s)= Ix(r){f y(t-r)e s‘dl}dr

Since y(t) = 0 for t < 0 we have

z(s)= jx(f){j y(t—r)e’“dt}dr

[

Now, letting A =t—t and diA = dt

Z(s)= IX {Iy(ﬂ ’*(”"dz}df
IX( r)e {Iy(/l) ‘dx}dr
T
Convolution (cont)
Continuing
Z(S):TX(T)e ”{Iy(ﬂ)e “dﬂ}dr
B R
=Y 5)_( Je*rdr
(S)X( )
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Multiplication in Time

Now let z(t)=x(t)y(t)

= x(t){_iarv (l)e“dl}e’“dt

2z 5,
Changingthe  _ WY 2 XX t)e Cdtld g
order of (,J.,i ) ; ®
integration T Note we must

choose s such
that X(s) and
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Multiplication (cont.)
Continuing ...
Z(5)=GTY(i){IX(t)e"s’”‘dt}dz
o-j iiT(s’:;y
:af Y (2)X (s-2)da
o+ joo
X(t)y(t) == | Y(A)X(s—A)dA
o— joo

Which is almost an aperiodic convolution but
not exactly

Signals & Systems
Spring 2006

Time Differentiation

From the definition of the Laplace Transform
W WS X (5) = [ x(t)e-“t
Now let us evaluate this integral by parts
specifically let

u=x(t) dv=e"dt

_d R -
dufdt{x(t)}dt v=-ce

Then, = 1.\
J'x(t)e dt:x(t)(—ge ]

0 0~

17d st
+g5|j&{x(t)}e dt
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Time Differentiation — cont.

Continuing..

j x(t)e dt = x(t)(—%e’s‘jw

0 lo-

di{ (t)}edt=sX (s)+x(0")
L{%{x(t)}}:sx (s)+x(0)

%{x(t)}—ﬁ—»sx (s)—x(0)
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Time Differentiation — cont.

The second derivative of x(t) is
S-S S xn)
The Laplace Transform is then
| )] = e[S x| )]
~sfox (5)-x(0 )} S {xt)]

Complex Frequency Differentiation -

From the definition of the Laplace Transform
X(s)= j x(t)e"dt

Differentiating with respett to s
d d T —st
LX)} = E{I x(t)e dt}
= Ii
J &

J' edt
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Integration

Integration of a function x(t) can be written as
t

[ x(7)dr =x(t)*u(t)

—00

From the convolution property and the
Laplace Transform of the unit step we have

X (s)

t
fX(T)dT%T
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Initial Value Theorem

Using the time differentiation property of the
Laplace Transform

Ti{x(t)}e’“dt =sX (s)—x(07)

Taking the limit as s approaches infinity

lim ji{x(t)}e’“dt :!LTI‘IC{SX (s)fx(O’)]
jgigli{x(t)}e’s‘ dt:slim[sx (s)fx(0’>]
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Initial Value Theorem — cont.

Case 1: x(t) is continuous att=0
0= Slin;[sx (s)— x(O’)}
x(07) = lim[sx (s)]
Case 2: x(t) is discontinuous at t=0
]%{x(l)}e'“dt ]%{x(t)}e"‘dl

o o

o

f[g(o‘)—g(O’)ié(t)e'“dt

o

lim

=lim

+lim

=lim

.7'[9(0‘)*9(0 Js(v)e =at

lim
s—o0

:f[x(o*)— x(07)J6(t)eat

x(07)=x(07) = lim[s (5)-x(0")

500

- tm[sx(5)-2(0)

x(0%) = lim[sX (s)]




Final VValue Theorem

Again using the differentiation property
T d —st
fa{x(t)}e dt

Iiml%{x(t)}e’“

s—0

lim

5—0

= Isigg[sx (s)fx(O’)}

B

dt= Isigg[sx (s)fx(O’)}

0
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Summary

In this lecture we have examined several properties
of the Laplace Transform
The properties are very similar to those for the
Fourier Series and Fourier Transform
Some notable and important differences
We will find these properties very useful in
determining the Laplace Transform of arbitrary
signals.
Using a simple table of Laplace Transforms and LT
properties, we can determine the LT of most signals of
interest.
Note that we focused on the unilateral Laplace
Transform
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