ECE 2704
Signals and Systems
Spring 2006

Instructor: Dr. R. Michael Buehrer WA A A

Lecture #4: Convolution




Overview

What to read — Section 3.6 In the text

This lecture (as well as the next few lectures)
deals with the concept of convolution.

Convolution allows us to determine the output
of any linear time-invariant system through
the system impulse response. Thus, it is an
Important concept.

We will examine convolution both
mathematically and graphically
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Definition

The convolution of two functions is defined as

X (1) =X, ()*%,(t)

:Txl(l)xz(t—/l)dl

Convolution is the integral of a function x,(t) and a
second function X,(t) which is inverted in time and
time shifted. Note that the result of convolution is a
function where the argument of the function is
equivalent to the time shift.
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Symmetry of Convolution

X (1) =%, (t)*%, (t)

)
Proof: Xs (1) =%, (t)* %, (t
(
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Graphical Illustration

x3(t):jjix1(l)x2(t—/1)d/1

1 X4(t) X,(t)
a, 0 by : a, ¢ 0 b,
X,(1)
a, c O b, A
' Xo(-1)
-b, 0 -c -a, A
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Graphical Illustration (cont) "

I X,(t-2)

Graph is shifted in time by t.
The point originally at O is at t

>

v

A

t-b, t tc t-a, A
X, (1)
< }\,'
a, b,
*
Xo(t-1)*%, ()
Convolution integral evaluated at
b t is simply the area of under the
< — »  multiplication of the two curves
th, 0 t tc ta, *
Xs(t) This area X4(t) evaluated at a single point in
corresponds  time  Note, that we must
® to this point. g a1yate this for all values of t
0
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Calculating Intervals

X,(t-1) I %1 (A)
: —o<t—a, <
/./;\ i ai X3 (t) = O
- | : > —o<t< a +4,
t-b, t t-c t-a, a, b,
‘X1(7‘) a1£t_a2£b1
X,(t-2) : a +a, <t<b +a,
~ l : 2>\ . =
) ' T X% ()= | X (A)x (t—=24)dA
t-b, t/i{al t-a, b, r %(Y) ! 1 (A)%(t-4)
Shaded area represents the 1 \
overlap of the two curves. X1(7¥)
This area corresponds to the Xz(t'K)\ 2
value of x4(t) at time t. M(m t—a, >b, t-b, <a,
< =] h N > bl
th, a, t tc b,ta, A
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Calculating Intervals (cont.)

' X, (M)

t-A
XA a, <t-b, <b
. . a +b, <t<b +b,
a, th, b, tc A ta, by
t X (t)= [ % (4)x (t-4)d2
t-b
X1 (A
1( ) Xz(t'k)
b <t-Db, <
b, +b, <t<oo
a, b, t-b, t tc t-a, A Xs(t):O
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Duration of Convolution

For two pulse-type (finite length) signals of x,(t) and x,(t):

Starting time of x,(t) is the sum of the starting time of the two
signals x,(t) and x,(t)

Ending time of X,(t) is the sum of the end of the two signals
X,(t) and x,(t)

Duration of x5(t) is the sum of the two durations

('/xz% % (0)= ] % ()% (t-2)d4

) a; ' b, azl b,

X, (t-1) X1 (1) We can see that the integral will be zero
’ until t-a, >=a, ort >= a,+a,
m Further, the integral will be zero when

A
X
=
/N
~+
=
v
A

v

I'[ -a, a, ' b1 A t-b2>:. bl rlt== b1+b2
Duration = (b,+b,) — (a, +a,) or (b,-a,) +
< (b2 - a2)
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Example A

X4(t) A C

<&
<« >

A

A y

OV b O |

(1)~ Afu(t) -u(t-b)]

Identify ranges x,(t1) C N x, (1)
Again, note that t 0 b
the point that A . (0
originally was at O x,(t-1) C© A // 1(A)
is now labeled as t

< 7 :

vo t b
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Example A (cont.)

X,(t-1) C

A Xl(}M)
A /‘ t>b

Summarizing

0
" (t):_:[xl(/i)xz (t-2)d2
xg(t)zle(/i)xz(t—/l)d/l
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Example A (cont.)

Evaluating the second interval (0<t<b)

t

X, ()= [ % (4) %, (t-2)d2

t
= [ ACe™"d

0

t
::Aceﬂje“dﬂ
0

— ACe—at l ea/l
a

AC _,
raa
AC
= |

Signals & Systems
Spring 2006
Buehrer

t

0

em—Q

1-e7™)



Example A (cont.)

Evaluating the third interval (t>=Db)

b
X, ()= [ % (4) %, (t-2)d2
0
>
= [ Ace™da

0

b
::Aceﬂje“dﬂ
0

_ ACe® Lef
a 0
— A_Ce_at (
a
AC
- a(
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Example A (cont.)

0 —0<t<0
X, (t)= A?C(l_ ) 0<t<b
AC( gmlentn s
a
X5(t)
AC ;
?(1— ) ..................
o b :
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Example A (cont.)

A good double check: The function Xx,(t) should be
continuous unless there are impulses in Xx,(t) or x,(t). As a
result, the function give the same value at the endpoints
regardless of which interval | use to evaluate the point.

EX:
_ <0 «—
e Y sosE= Both should provide the
X, (t) _ _(1_e—at) 0<t<b same value at t=0
a Both should provide the
ﬁ(l—e‘ab )e_a(t_b) t>b . same value at t=b
!
ACoem) -0
a

t=0

A_C . —ab —a(t-b) :A_C @
a(le )e t - a(le‘)

t=b
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Example A (final)

AC 4
?(1—e t)
Point 1 AC

&(1 e—ab) ~a(t-b) &
a t=p &
Point 2 AC (1_ o )e‘a(b‘b’ AC
a —
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Example B

Determine the convolution of the unit
rectangle function with a second unit

rectangle function. )
X, (1) 1 X,(t) 1

A
v

A
v

-1/2 ‘0o 12 -1/2 0O 12

Interval 1
X,(t-2) 1 X, (A)

—o<t<-1 x(t)=0

P | »
»

t-1/2 t t+1/2 -1/2 Y0 1/2

No overlap and thus no response for t+1/2 < -1/2

Signals & Systems
Spring 2006
Buehrer




Example B (cont.)

Y

Interval 2

t+1./ 2

X ()= | x(4)x(t—21)dA

) 11 )
\% t+1./2
. TN  _1<t<0 — [ da
t-1/2 12 t+1/2 1/2 2
=t+1/2—-(-1/2)
=t+1
X (t 7\‘) 1/.2
Interval 3 2 1 %) X (t)= [ %(4)%(t-4)d2
t-1/2
< \\\\ - 1/2
-1/2 t1/2 t 1/2 t+1/2 O<t<1 :t_,md/l
=1/2-(t-1/2)
=1-t
Interval 4 X, (A) | 1 X,(t-1)
t>1 x(t)=0
< | n
< | >
-1/2 vo1/2 t-1/2 t t+1/2
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Example B (cont.)

Thus, finally we have

(0 —wo<t<-1
t+1 -1<t<0
Xg(t):<

1-t 0<t<l1
| 0 t>1

X5(t) 1

RN

-1 1

The convolution of two unit
rectangle functions is the
unit triangle function.
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Example C

A

X4(t)
T X,(t)
l \ 1
< | > < >
0 1 2 t 0 1 t
Interval 1
Xz(t'k) 2 Xl(k)
1 ]
| I\ ‘ —0<t<0 X3(t)=0
« | >
t-1 t O 1 2 A
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Example C (cont.)

Interval 2 J
0
X;(A) 3
2 T 1/ 0<t<1l =) 2Ad4
1 0
Xz(t-K) \ = /12t
P 7o
t-1 0 t _ 12
1 t
Interval 3 - I 2/1d/1+j(4—2/1)d/1
1
X1(M)
2 T 1;// =27 +aa-2
Xt T4 T
2 | 1<t<2 =1-(t-1) +4t-t*—4+1
< | >
ol t-1 1 t 2 A =2t +6t-3

2
zﬁ_g(t_ﬁj
2 2
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Example C (cont.)

Interval 4
, L x®)
al N X(tA)
< | AN > 2<t<3
0 1 t1 2 t )
Interval 5
, L .
X =
Al \ 2
< | .
0 1 2 t-1 t A
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&@):I(4—Zﬂdl

t-1

=431- |

2

t-1
=8—4-4(t-1)+(t-1)
=t*—6t+9



Example C (cont.)

The result of
convolution is
typically a
smoother function

3/2[--->-
T /—\ X5(t)
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Example D

Xl(t) A 1 Xz(t) A 1
-a 0 a -2a 0 2a
Interval 1
X,(t-2) 1 X, (1)

| —o<t<-3a X(t)=0

I »

t-2a t t+2a -a O a

A
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Example D (cont.)

Interval 2

Xo(t-1) 1 X ()

A
v

—3a<t<-a = | d4
t-2a t -at+2d0 a -

Interval 3 X (1)=| % (2)% (t-2)dA
GEN 11 XM -4

A
v

—a<t<a =
t-2a t t+2a
—a+a
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Example D (cont.)

Interval 4
Xt2) 1 g X, (1)
< I >
-a ¢O a
t-2a t t+2a
Interval 5
X4 (A) 11 X,(t-2.)
> | .
-a '0 a t-2a t t+2a
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o

t>3a X (t)



Example D (final solution)

(0

X, (t):< 2a

0

t<-3a

t+3a -3a<t<-a

—a<t<a

3a—t a<t<3a

t>3a

BN

a 3a t
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Note on Intervals KA

If both x,(t) and x,(t) are non-zero only on the interval
{0,infinity} than the result of the convolution Xx,(t) =
X, (t)*Xx,(t) also exist on {0,infinity}.

X (1) =% (t)*x,(t)

X4(t) V C [&(O
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Note on Intervals (cont.)

xz(t-;%l|L X, (\) X, (t)=jX1(/1)Xz (t—2)d4
| > :j‘

Ol t

Thus, there are two intervals: t<=0 and t >= 0.
The function x,(t) Is zero for t<0 and equal to
some non-zero value for t < infinity.
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Example E

Determine the following convolution
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Example E (solution)

t<0 x,(t)=0 \

T s e
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Conclusions KA

Convolution iIs a somewhat complicated but
very important operation in system analysis.
Steps

Determine the intervals for t

Determine the limits of integration

Calculate each integral

Write a summary of the total function X,(t)

Next class we will discuss more properties of
convolution.
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