ECE 2704
Signals and Systems
Spring 2006

Instructor: Dr. R. Michael Buehrer L A A
Lecture #6: Convolution Applied to WWWV

LTI Systems

Overview

What to read — Section 3.6 in the text

This lecture connects the concept of
convolution with linear system theory.
Convolution allows us to determine the output
of any linear time-invariant system through
the system'’s impulse response.

Today we will show this, discuss how we
determine the impulse response and show an
example of its use.
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Linear Time-Invariant System

Consider an LTI System

xy ——  H —— v

9
x(t)>y(t)
If x(t) = &t), then the output y(t) = h(t) is
termed the impulse response
H
S(t)—h(t)
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LTI System (cont.) W

Since the system is linear and time-invariant,
we know that if

S(t)—h(t)

then
A5(t)7—{>Ah(t)
5(t—to)j—{>h(t7to)
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Signal Representation

We may approximate a signal x(t) as a weighted sum of pulses.
As the width of the pulses goes to zero, the approximation approaches the
actual signal

- 3kt X ’A'l & \ 3at N

t+2At 2
X(—2At) rect [%) -2At 24t Approximation of x(t)

X(t) =t ><(72A1)rec»[["‘r ZAI)+ x(fAt)rect(”A‘)Jr,_‘
At At

x(O)recl[L)Jr x(Al)rec!(Iim)Jr x(ZAl)recl[ﬂ]t..
At At At

= 2 x(nm)rect(%]

=

Signal Representation (cont.)

x(t)= Y x(nAt)rect[%]

n=—

= Z x(nAt)A{i rect (%H

n=—

unit area pulse

R 1 t—nat T 3
lim nZ;x(nAt)A{Erect[Tﬂ ::[x(l)o(t—l)dl
unit area pulse

— -x(v

Thus, we can approximate a function x(t) as a series of
weighted, time-shifted impulses.
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Impulse Response

The impulse response is useful because it can be
used to find the output of a system when the input is
not an impulse.

Let us approximate a general input X(t) using a series
of impulses

o

X(t) = D x(NAD[S(t - nAt)JAt
Since the system is LTI, the output is the weighted
sum of the responses to each input. We can thus
approximate the output as

y(t) = D x(nAt)[h(t —nAt)|At
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Impulse Response (cont.)

If we let 4t go to zero we get:

Y(t)=1§[ﬂ)o{ i x(nAt)[h(t—nAt)]At}

n=-o0

= T x(A)h(t—A)d A

This says that the output of an LTI system is
the convolution of the input and the impulse
response. Thus we can find the output based
on any input if we know the impulse
response.
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Finding the Impulse Response

m  There are two general techniques to find the
impulse response of an LTI system:
1. Find the response of the system to a unit area pulse
of width a and determine the limitas a = 0.

= A unit area pulse can be written as the combination
of weighted and time-delayed step functions.

2. Find the response to a unit step function and take the
derivative.
B Let us examine both of these approaches with a
couple of examples.
m  Note that there is a third technique provided in the
textbook that we will not review in class.
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Example

Consider the following RC circuit:
R

Using Kirchoff's Voltage Law we can relate
the input to the output
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Example

Using Kirchhoff's Voltage law, the sum of the
voltages around the circuit is zero:
x(t)=Ri(t)+y(t)
The voltage across the capacitor is related to the
current through the resistor
. dy (t
it)y-c 2
dt
Eliminating i(t) from the previous equation we obtain
an equation relating the input to the output:

x(t):RCdyd—(tt)er(t)
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Unit Step Response

Both ways to obtain the impulse response require us
to first obtain the step response. So, let us do this
first.

We assume that the circuit has had no input for t<0
and all initial conditions are zero. In other words we

assume X(t)=0 t<0

y(t?:o t<0

The unit step is analogous to closing a switch at time
d R

N

t=0

— +
This box represents
the application of a
step function. V,, is
the height of the :
step. .

G T y@®
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Linear First Order Diff. Eq. "

Rewriting the equation for the circuit after time = 0:
Vv, = RCdy—(t)Jr y(t)

This is a first-order linear differential equation. To

solve it, we first separate the variables y and t:

dy
RC dt v'" y ‘We drop the dependence
of y on t for notational
dy 1 plicity. Itis however,
W = _Edt | dependent on t.
in

Next, we integrate both sides using A and t as our
variables of integration:

yj-‘] di 7j- 1 Y, represents the intial

Z"Vm ) 0

RC & value of y at time = 0.
We will eventually set

this to zero since the

initial conditions are 0.

Yo
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Example (cont.)

() di L

.[ =—|——=dr
% A=V oRC
v _
N

In(2-V, )" %1‘;

In{y(t)fv'" } g

Yo =Vin RC
Taking exp(x) of both sides:
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Example (cont.)

Now, since we have assumed that the initial
conditions are zero, y, = 0. Further, since we are
examining the unit step, V,, = 1. Thus:

e
Y(1)=(%o V) * 4V,
e
Finally, since the output is zero for t<=0, and this

solution only applies for t>=0, we can finally write the
step response y(t) as

10=[1-¢% Juy)
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Impulse Response — Method 1"

The first method of finding the impulse response
involves finding the response to a unit area pulse of

widthw:

X(t)

1
w

This pulse can be Writlten in tlerms of the unit pulse as
X (1)=u(t)-u(t-w)
Due to the properties of linearity and time-invariance:

1 1
Ya (1) :WyS ([)7Wys (tiw)
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Method 1 (cont.) ikkich

s 0=[1-e Jut)

V() =3, ()3, (t-w)

:%[keﬁ‘] (t}%[ke’ﬁ("w’]u(tfw)
The impulse response can be found by taking
the limit as w—->0:

h(t)=timy. (1

B
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Method 1 (cont.) YW

Thus, we must use L'Hopital’s rule to find the solution.
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Continuing:

Using L'Hopital’s Rule:

d [ e—%u—w) B ET‘C:]
| dw
-t g ()
w

dw

l[e%ﬂw’j
RC

=lim{ ——Z lu(t
im a u(t)

w0,

1
=——e fu(t
L] e ()

Thus, we have the impulse response for this circuit.
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Method 2

A second method to calculate the impulse response
comes directly from the step response.

Y. () =u(t)*h(t) = [ n(2)4

4 0)=n()

Returning to the step response of this circuit:
1,
Y, (t)=[1—e = ]u(t)
d o
h(t) —{(1—e 5C ]u(t)}

it
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Method 2 (cont.)

=1 Jut)

—%{ This term is zero at the
=—e U(t) “Tt----_____only point where
impulse is non-zero

(t=0)
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Example

Assume that the input to this circuit is cos(27 ft)

Find the output

From our relationship between input and output:
y(t)= ]’ X(A)h(t—2)d A

= [e* cos[ 27 F (t-4)]d4
0
We will want to use the following integrals from an
integral table

Je* cos(bu)du = (acos(bu)+bsin (bu))

e
aZ+b?

fe sin (bu)du = (asin(bu)—bcos(bu))

zbz
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Example (cont.)

Continuing:

()= ]'e % cos[ 27 f (t-2)JdA

= ]'e #% {cos[ 2r ft]cos[~27 f 4] —sin[27 ft]sin[-27 f A]jd A
Ee #% {cos[ 27 ft]cos[ 2z f A]+sin[2z ft]sin[27 f A]jd A

=cos[27 ft]J.e"”‘c cos[2z f AJd A +sin[27 ft]_fe””*C sin[2zfAJdA
0

0
Using our integral tables:
AIRC
y(t COS[Zﬂﬂ]iz[;lCOS(Zﬂfi)+2ﬂfSin(Zﬂfl)]
(1/RCY +(27f )’ \RC

~AIRC 1
5 (%sin(hfl)—bff cos(2;rf/1))

€
(L/RC)* +(2x1)

o

+sin[ 27 ft]

2

o

Example (cont.)

y(t)=cos[27 ﬁ]m( (l: cos(2zfA)+2rf sm(27rm)] )

o

-2/RC P
e

-1
+Sm[2”ft](l/RC)z+(27rf)( Csm(Z;rfl) erfcos(Z;rM))O
=cos[2r ft] {0 LRCY erf) [ écos(0)+27rfsin(0))}

1 .
+sin ant]{o l/RC 27rf) (RC sm(O)—Zzzfcos(O))}
= LR >cos[ 27 ft]+ Zal >sin[ 27 ft]
(L/RCY +(27 1) (L/RC) +(27 )
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Conclusions

For linear, time-invariant systems the input
can be represented as the sum of scaled and
time-shifted impulses

This permits the output to be determined as
the convolution of the input with the system’s
impulse response.

The impulse response can be determined by
either taking the response of a pulse and
letting the width approach zero or by taking
the derivative of the unit step response.
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