ECE 2704
Signals and Systems
Spring 2006

Instructor: Dr. R. Michael Buehrer L A A
Lecture #8: An Introduction to the VYUYV

Fourier Series

Overview

Today we introduce the concept of the
Continuous Time Fourier Series (CTFS)
What to read — Section 4.1-4.2 in the text
We will discuss the two versions of the CTFS
In terms of complex sinusoids
Applies to both real and complex signals
In terms of real sinusoids
Applies to real signals
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Motivation

If a system is linear and time invariant (LTI), then
when the input is a weighted complex sinusoid, the
output is also a complex sinusoid at the same
frequency but (in general) with a different weighting.

N H .
Ae™ — Be!*
If we can represent a signal as a weighted sum
complex sinusoids, then for an LTI system we can
represent the output as the sum of weighted complex
sinusoids.

Thus, we wish to show that signals can be represented
as a sum of complex sinusoids

Signals & Systems
Spring 2006




Complex Sinusoids

Euler’s identity defines a complex sinusoid as
e =cost+ jsint
Real sines and cosines can be written as
ej1+e—jt i elliefll
cost =—— sint=——
2 2j

Plot of exp(j2nt)

Example

Consider the waveform

x(t)= rect[Zt —lj—rect(Zt—Ej
2 2

Let us attempt to model this over the time frame
0<t<1 with sinusoids of period 1 and integer multiples
of 1:

i(t):%(sin(2;rt)+§sin(3*2711)+ésin(5*2m)+%sin(7*2nt)...)

Note that we only care about the approximation over
the time interval of interest
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Example (cont.)

Interval of interest

x(t)= rect[Zt—%]—rect(Zt—%)

<| i(t):%sin(zm)

| Q(t):i(sin(27rt)+%sin(3*2m)
| V4

1 ;(l):%(iﬁsin(b{(ﬁ—l)t)




Example (cont.) ddxik

This example shows us that for a specific time
interval it appears possible to represent a signal
using a sum of sinusoids.
However, how do we determine the frequency of
those sinusoids and how do we determine the
weights of the sinusoids?
A reasonable guess for frequencies would be multiples
of a fundamental frequency which is equal to 1/T;
where T; is the length of the interval being examined
This will be particularly useful when we examine

L periodic signals

We still need to determine the weights
Further we may want to use both sines and cosines
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Signal Representation i

Let's first assume that a signal x(t) can be
represented over a time interval t,<t<t +T;as a
linear combination of complex sinusoids in the form

X (1)= 3 X[K]e"
=
where fz = 1/T is the fundamental frequency and
X(t) = xg(t) for t, <t <t +T;
We will determine later when this can be safely
assumed.
Note that we are representing the signal x(t) over a
finite time interval, not over all time.

This is defined as the Continuous Time Fourier
Series or CTFS
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Finding the coefficients iddidd

The CTFS representation requires us to
determine the coefficients X[K]

Now, since x(t)=x-(t) t<t<t,+T. , then we
can write

x(t)= Z X [K]e? ™Mt <t<t, +T,
Now, let's multiply both sides by exp(-j2 zqft)
where q is an integer
X(t)efimm — i X [k]emkue,jz”qm
o t,<t<t,+T,

=3 X[k 2l iet
kZ (k]
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Finding the coefficients (cont.)
Now, integrating both sides over t, <t < t,+T;
[ x(e o= | {Z X[k]e'z”“"“"‘}dt

Since k and t are independent we can
interchange summation and integration

4Te +Tr

o+Te x t+Te
J' x(t)e " dt = > X [K] j izl g Equation A
% K=—0 s
Using Euler’s identity
t+Te 8 4T
[ x(t)e = =dt= 3 X[K] [ [cos(27 (k-a) fet)+ jsin(27(k-q) fet) Jot
k=-0

o
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Continuing...

‘O]'TF x(t)e 1 dt = i X[k]‘nfp[cos(h(k—q) fet)+ jsin (27 (k- q) fit)]dt

k-q is an integer. For k #q we are
integrating cos(2{k-q]f:t) and sin(2{k-q]fet)
over exactly k-q periods which results in zero.
For k #q

to+Te

| [cos(27(k=q) fet)+ jsin (27 (k -q) fet) ]dt =0

o

Fork=q
T [cos(0)+ jsin(0)]dt=T,
Continuing...
Therefore,

3 x [k]‘T e gt X [q]T-
Making thisi;ubstitation into Equation A
T x(e = ta=x [ar,
Solving for X[q]l;
X[a]=

4T
J' x(t)e " dt
%

X ﬂ—wp

Since this is true for X[q], then X[K] is

X [k] = ]TF (t)e jamkdet g
T X
F ot
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Continuous Time Fourier Transform

Thus, if the integral converges, we can represent the
signal x(t) exactly, on the time interval t, <t < t,+T; by

X ()= 3 X[kJe
K=-o0

where

[

X[K= | x(t)e ™t
F ot

Note that if the above integral does not converge, the
CTFS cannot be found over the region of interest.
We can represent the relationship between x(t) and
X[k] as

x(t) > X [K]
Dirichlet Conditions ki
If the integral e

X[k ] x(t)e ™
F ot

diverges, the CTFS cannot be found for the signal over the region
of interest.
This condition is necessary but not sufficient.
Sufficient conditions on the existence of the CTFS are known
as the Dirichlet Conditions:
1. The signal must be absolutely integrable over the time
t,<t<t,+T; fu

jP\x(t)\dt@o

to
2. The signal must have a finite number of maxima and
minima in the time t, <t <t +T;
3. The signal must have a finite number of discontinuities in
the time t, <t <t +T;
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Complex Conjugate of x(t)

The CTFS derived previously holds for any

signal which satisfies the Dirichlet conditions
X (t)=é><[k]e‘““"‘ applies to both real signals and
complex signals

Consider the complex conjugate of a signal

Xe(t)

By conjugating both sides of our expression:

o

% ()= 3 X [k]e =

k=20
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Complex Conjugate (cont.)

Simplifying: X (t)= i X*[k]e—jukf;t
k=—0

_ i X" [_k]ejz”km
k=0

_ 2 X*[_k]ejsz1

k=—o

Thus, we can say that if

then x(t)«> X [K]

X (t) > X" [K]
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Real Signals

For the important case where the signal is all
real X(t): X (t)
which means that
X (t)=x: (t
In this case F()=x (1)

X; (t):ki X [-k]ele = x, (t):ki X [k]eiz

which leads to i X[k]eJZRk’p( _ 2 X«[_k]eqzx(fk)m

meaning that :K;xq,k]e,zmﬂ
X [k]=X"[-k]
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Real Signals (cont.)

For real signals then we can write the CTFS as
Xe (t)= X [0]+ [ X [k]e 4 X" [k]e 2]
k=1
which can also be written as

% (1) =X [0]+§{Re(x [K])e"*™ + Re(X [k])e 2

+jIm(X [k])e?* — jim(x [k])e”z”k'f'}
Examining the first term:

1 1+Te
X [O]:f J x(t)dt
which is simply the average value of the function (note
that it is all real).
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Trigonometric CTFS

t ~jt
Recall that cost e cid sint
2

el—et

Substituting these relationships into the previous
equation we have
X (t) = X [0]+ - {2Re(X [K])cos (2zkfet)+ 2Im (X [k])sin (27kf,t)}
k=1
which can be re-written as
Xe (1) = X [0]+ X { X [K]cos(2zkft) + X [K]sin (27kf.t)}
k=1

—— with
el -2refri-zrel i xge o -2l - 2mf L T age s
:Til X(t)cos(2kf,t)dt = %\’j X(t)sin 27kl ) dt
gl  sysems
S o
Example
Let’s return to our previous
example of

x(t)= rect[Zt —1]— rect(Zt—ﬁ]
2 2

Define the time interval to be

O<t<1
Xe () = Xe [0]+ 3 X [k]cos (27kf, 1)+ X [K]sin (27kT,)}
k=1
= Xe[0] :Tij x(t)cos(0)t
Foy
27 2]
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Example (cont.)

First note that f- = 1/Tg =1
Thus, for the cosine terms we have

05 1
X [K]= Zjccs(Zxkl)dlfzjcos(ZJkt)dl
° is

2 @
————sin(2zkt
(k)

20
= sin(2zkt
2ok M (2rkt)

05
7 o

:ﬁ(sm(kn)—sm(o)—sin(zk”)ﬂm(kn)]
-0

os f
X [k] =2 sin(27kt)dt -2 sin(27kt)dt
J 5

o ¢

2 *2
xﬁ(ms(zm))n +ﬁ(cus(2nkl))

los

:ﬁ(fcos(r;k)+cas(0)+cas(2,~:k)—cos(nk))

:ﬁ(Z—Zcos(ﬁk))
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Example (cont.) ddxik

Thus, we can write the sine terms as

X, [K]= (2~ 2cos(xk)

0 k=even

:{ik k = odd

Thus we have i

x (t):iﬂs(’“‘)sm(zﬂm)
T

Since the even terms are zero we can rewrite this as
4. & 1 .
X (t)=—)>» ————sin(27(2k -1) .t
F() 7[%(21(—1) ( ( ) F)
This is the representation that we examined earlier!
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Example - Plots ikkich

As we continue to add the
sinusoidal terms our
representation is closer and
closer to the original signal
over the interval of interest.
When the number of terms
goes to infinity the
representation is exact

First 10 terms

* First 100 terms First 1000 terms
e
4 oA
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Let's consider a sawtooth waveform

x(t)= 2*ramp(t){u(t)—u(t—%)}+[2*ramp[t —%]— Zj{u (t—%)—u(t—l}}

Define the time interval to be O<t<1
Te=1,f-=1
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Example B

The trigonometric Fourier Series is
Xe () = Xe [0]+ 3 { X [K]cos (2kft) + X [K]sin (27T, t)}
k=1

Looking at the cosine terms

xc[k]:Ti [ x(t)cos(2rk 1)t
F oy

os 1
= 2[ 2(c05(2,7k|)dt+2f(2(—2)cos(2nk&)d&
o is

05 .

4
(27k)°

+

4 "

= [cos(27kt) + 27ktsin (27kt) |
(2k)° o

"

4
————sin(2zkt
Pl )05

0 0
:ﬁ[cus(hk)+2M2/rk)fcus(0)+si o)}%ﬂ;&({zﬂkys}%%

-0

[ cos(27kt)+ 27ktsin (27kt) |

los
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Example B (cont.)

Looking at the sine terms

Phrd
Xs[K=1 [ x(t)sin(27kict)dt
Foi

os 3
=2 2tsin(27kt)dt+2 [ (2t-2)sin (27kt)dt
o i

)+ﬁ[sin(2nkl)f2/rk(cus(27rkt)]

= ﬁ[sin (27kt) - 27kt cos(27kt) |

o los

4 .
+———cos(27kt)
27k

s

:ﬁ[sin(nk)—27rkcos(21rk)—sin(0)+cos(0)]+i(cus(27zk)—cos(zk))
2 2 2

=L cos(20K)+ - oos(2k)--Zcos(7k)

2
=——-cos(zk
2 cos(7k)

-— k=even

T2
—  k=odd Signals & Systems
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Example B (cont.)

Summarizing we can write our Continuous
Time Fourier Series as

(-3 200"

= 7k

sin(2zkt)

recalling that
x(t)=x(t) 0<t<1
We can then write

x(t)=Y" 2(;?“1 sin(27kt) Ost<1

k=1
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Example B (final)

— As we continue to add the
First 10 terms sinusoidal terms our

representation is closer and
closer to the original signal
over the interval of interest.
When the number of terms
goes to infinity the
representation is exact

First 100 terms + First 1000 terms
A A A FoA J 4
r v ¥ 4 I
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