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Signals and Systems
Spring 2006

Instructor: Dr. R. Michael Buehrer NAA D

Lecture #9: Further Discussion of |
The Fourier Series SRR




Overview VIVYY

Today we continue to discuss the concept of
the Continuous Time Fourier Series (CTFS)

What to read — Section 4.3 In the text

Last class we introduced the concept, today
we will discuss
Periodicity of the CTFS
Insights into the calculation of the CTFS
CTFES for periodic signals
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Periodicity LA

The CTFES representation x(t) of the signal
X(t) Is equivalent to x(t) only over the interval

t, <t<t,+T;

The signal x(t) Is not, in general, periodic.

The CTFS, however, Is periodic.
Furthermore, it is periodic with period T

In other words

Xe (1) =X (t+0T:)
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Periodicity - Proof

Proof:
By definition —  x_(t)= "} X [k]e/?™

If we increment time by a multiple of Tr:
t—|— qT z X [k j272'kf t+QTF

k=—o0

— i X [k]eJZﬂktheszkquTF
Now f-T- = 1. Thus, =

e 0]

e (raTy) = 3 X[K]erni g
k=—c0 =1

o0

— Z X [k]ejZHKth

:XF(t) Q.E.D.



Calculating the CTFS

Consider the function
X(t) =2cos(400xt)
over the interval 0<t<0.005
Let’s find the CTFS representation for this signal.

Since it is an all real function, let’'s use the
trigonometric form of the CTFS:

X [0]+ Z{ [k]cos (27zkf t)+ X [Kk]sin(27zkft)}

—  Where
t,+ Tk

X [k]—— j )cos(27kft)dt X, [k]=

to+Te
| x(t)sin(27kf.t)dt
L

o
T
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Calculating the coefficients

Consider the first two coefficients

e
Xc[1]= Ti x(t)cos(27x f.t)dt :—j )sin(27x f.t)d

0

Now, T; = 0.005 and f. =1/T.= 200.

Note that we are investigating one period of
the original signal

Let’'s examine the following two integrals
more carefully

0.005

X [1] =400 I 2c0s(4007t)cos (4007t ) dt
0

0.005

Xs[l]:400_[ 2c0s(400zt)sin (400xt)dt
0
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Graphical lllustration of X_[1] """
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Graphical lllustration of XS[l] LAREA
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Definitions

We define the operation
1 7

tz—tltjlx(t)y(t)dt

the correlation between the functions x(t)
and y(t) over the interval t <t<t,

If the correlation between two functions Is
zero, we say that over this interval the two
functions are orthogonal
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Second Harmonic X-[2]
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Second Harmonic X¢[2]

Y
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Further Harmonics

The second harmonics are both zero

We can also show that all of the higher harmonics (k
> 2) are also zero:

Te
Xc[k]=400. 2005(27szt)cos(27rkth)dt
0
h

= 400 E{Cos(27r(k +1) fet)+cos(27 (k—1) fit)} dt
0

) 400{ 1

27 |k+1

) 400{ 1

27 |k+1

400 1 . 1 .
= {k+13|n(27z(k +1))+k1§m(27z(k1))}

& —

Tk

sin(27 (k+1) th)+isin(27z(k -1) th)}

0

sin (27 (K+2) 1T, )0+~ —sin (27 (k~1) T, )—o}

' '

=0 =0

=0
| Notes: f-T-=1
Slgg?)':;ngé SRR sin(27k)=0 when k = integer
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Further Harmonics

For Xg[k] (k>2)

Te
X5 [k] =400 [ 2c0s (27 fet)sin(2zkf.t) dt
0

= 4ooTjF {cos(27 (k—1) fet)—cos(27 (k+1) ft)}dt

Te

400 [ 1 . L
_ At {k_lsm(Zz(k—l) th)—msm(Zﬂ(k +1) th)}

400 1 . -
" 2nf, {k—ls'”(z”("‘l) D el G B fFTF)+0}

0

+1. 4/

v~ v

=0 =0

_ ;fl?F {kll\sin(zﬂ(k _1))—%sin(27z(k +1))}

=0

| Notes: f-T-=1
Slgg?)':;ngé SRR sin(27k)=0 when k = integer
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X.[0] LA

The remaining term of the Fourier Series is
Xc[Ol.

We could calculate this term as before, but
recall its meaning:

Xc[0] Is the average value of the function over
the interval of interest.

Since we are examining one period of a
sinusoidal function, the average value is zero.

Thus, X, [0]=0
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Final KA

Thus, the signal x(t)=2cos(400zt) over the
interval 0<t<0.005 has only one non-zero
Fourier Series term,

. {2 k=1
Xc|k[=
0

Xs k =

This leads to

(0 0]

- ()= X [0]+ D { X¢ [k]cos( 27k t)+ X, [k]sin(27kft)}

k:

= 2cos( 27 f.t)

as expected.
= 2cos(400xt)
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Interpretation

The trigonometric form of the CTFS
represents the signal by using only cosines
and sines.

The actual Fourier Series components X[K]
and Xg[k] represent the correlation between
the function of interest and the sinusoids at
the fundamental frequency (fr=1/T¢) and its
harmonics (kfy)

The correlation tells us how much of that
frequency term is contained in the signal
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Example LA

The previous example was trivial, so let’s look at a
slightly more complicated signal

x(t)=%—%COS(20ﬂt)+%sin(30ﬂt)

over the interval -0.1<t<0.1

_'] 1 1 1 1 1 1 1 1 1
-1 a0 008 004 -002 1] ooz 004 005 008 01
Tirme

DuctIret



Example (cont.)

x(t):%—%cos(ZOnt)Jr%sin(BOﬂt)

What would you guess the solution to be?

First, T = 200ms, fz = SHz
Second, X.[0] = average value = ?

xc[o]:%

2 "
[ x(t)sin(2zkf.t)dt

TFO

2 Te
:f!X )cos(27kf-t)d Xs[k]=
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Te
2 {%_%COS(ZOﬁtH%Sin (307rt)}cos(27zkth)dt

Te

i O {%_%cos(Zﬂ(Z fe )t)+%sin (27 (3f, )t)}cos(Zﬂkth)dt
1

Te o
Z

2 Te 3 2 Te
:Efl‘cos(Zﬂkth)dt—Zf_([cos(27r(2fF)t)cos(Zﬁkth)dtJr...

Te
%Tijsin(zn(:afF)t)cos(znkth)dt
F 0

Looking at the first term:

127 . -
—— 27kf _t)dt = 27kf_t
27, !COS( )0t = 7, S (27Kl )O
N [sin (27Kf T, )—O]
= sin(27k)
27k T

g k>0



Xc[K] (cont.)

Looking at the 2" term:

T
Xc[k]z—mzig—.COS(ZOﬂi)COS(ZﬂkﬁJ)dt
F

0

T
_ 31 {cos([4—2k]z ft)+cos([4+2k] z ft)}dt
4Te %
- Te
31 1 1
3 4-2k]zf t)+- 4+2K]7f
4T, |[4-2K] 1, sin([4-2k] 7, )+_4+2k]7sz sin([4+ 2K, )}O
31| 1 1
8 4-2k|z £.T. |0 4+2K]7 £, T, |-0
4T, |[4-2K]zf, S"{[ ]”{,1_& T[4 2Kkt Sm[[ ' ]”i,l_ﬁj }
{O k =2
12 k-2
0
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Xc[K] (cont.)

Using L'Hopital’'s Rule

31 rci([Si”([Af‘Zk]”)]\ 31 ~27 cos([4-2k] )

R < > =

4T, d[4—2k]7rfp 4T, 27 f;
dk
__3
4
T 3
: —— k=2
——Tijcos(ZOﬂt)cos(anant)dt ={ 4
ko 0 k=2
Signals & Systems
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Xc[K] (cont.)

Examining the third term

12
2T,

Tf {sin((6—2k)7zth)+sin((6+2k)7szt)} dt

F o

T.
jsin(Z;z(BfF )t)cos(27kf.t)dt = 21
0

1 1
—_— ) 6—2K) 7 f.t)- ..
2TF{ (6-2K)zf, cos((6-2K) 7 fet)

Te

(6+2i)7sz cos((6+2k)7szt)}

0

1 1
=— cos| (6—2k)x f.T. |-1|+...
2T, (6-2k) 7 f. ( )”il,_ﬂ
27
i 1 ]

Note: We must use i |
L’'Hopital’s rule to evaluate
the case where k=3. It still 1 1 cos| (6+2K)z f.T. |-1
evaluates to zero. 2T, (6+2k) 7 fe i

n*2z

L 1 _




Xc[K] (cont.) and X.[Kk]

Putting together all t

X [K]

<

(0

Turning to Xg[K]

{E—ECOS(ZOEI
2 4

nree terms
K #2

3 k=2
4

x(t)sin(2zkf t)dt

)+ %sin (307zt)}sin (27kf.t)dt
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X< [K] LN

Te T
X [K] =Tijsin(27zkth)dt—%j%cos(ZOﬂt)sin(27zkth)dt+...
F O F O
1"
— [ sin(30zt)sin (27kf.t)dt
TF 0

Te
=0+0+Tijsin(67szt)sin(27zkth)dt
F O

1 Tf {cos([6—2k]z fet)—cos([6+2k]x fet)}dt

F O
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X<|k] (cont.)

X [K]= 6 2K[e 1., sin([6—2k]z f.t)—...

Tk
2[6+2k] 71T, sin([6+2k]mth)0
1 -
- 2[6-2k] 71T, [sm([G—Zk];szTF)_O]
1 -
2[6+2K]z f,T, [S'”([6+2k]ﬂth)_o}
(0 k=3
=10,
L0
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Xq|k] (cont.)

Using L'Hopital’s Rule
(;jk[sin([G—Zk]ﬁ)] ) 27| cos([6—2k] )]

d —4
dk{2[6—2k]7z} "
_1
2
1
= k=3
Xs[k]=12
0 k=#3

Putting together all the pieces

Xe (1) = X [0]+ 3 {X, [K]cos(27kf . t) + X [K]sin (27kf, 1)}

:%—%cos(M th)+%sin (67 fct)
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Graphical lllustration of X_[1] """
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Graphical Hlustration of X[1]
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Graphical Illustration of X.[2] """
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Graphical lllustration of Xg[2] """
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Graphical lllustration of X[3] """
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Graphical lllustration of Xg[3] """
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Graphical Illustration of X.[4] """
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Graphical IHlustration of X[4]
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Summary LARRA

The Fourier Series is a sum of sinusoids (cosines and sines in
the case of the trigonometric version)

The weights of these sinusoids depend on the correlation
between the signal of interest and each sinusoid in the series.

When the signal of interest is a sum of sinusoids

The Fourier series terms which correspond to the
frequencies in the signal will have weights corresponding to
the amplitudes of the sinusoids

In other words there is perfect correlation between sines and
cosines of the same frequency

sine and cosine of the same frequency are orthogonal

Provided that the interval of interest is an integer number of
periods for all sinusoids in the sum, all other Fourier Series
components will be zero.

This is because sinusoids whose frequencies are integer

multiples or factors of each other are orthogonal when we
integrate over an integer number of periods

This will not be true if we choose an arbitrary interval.
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Periodic Signals LA

The continuous time Fourier series Is defined
such that it is equivalent to the desired signal
only over the interval of interest

The continuous time Fourier series Is periodic
with period Tk.

For a periodic signal the Fourier series
representation is identical to the original
signal over all time if we choose the interval

of interest to be one period (or an integer
number of periods) of the original signal
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Impact of Chosen Interval

0<t< 2
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The periods will be the same when the
interval of interest is equal to one period or
an integer number of periods of the original
signal
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