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Introduction to
Communications Systems
Fall 2007

Instructor: Dr. R. Michael Buehrer |

Lecture #20: Noise in FM/PM
Receivers

Overview

O Today we will examine the performance (in terms of
the output or post detection SNR) of FM and PM
systems

O We will show that FM systems provide for better SNR
gains when comparing post-detection SNR to pre-
detection SNR than PM systems since the amount of
phase deviation in PM systems is limited compared to
frequency modulated systems

O We will also examine a concept known as pre-
emphasis that further allows for SNR improvements
for FM systems

O In general FM allows for a trade-off between SNR
performance and bandwidth unlike AM systems
Reading
H 9.7-9.8
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Angle Modulation

O Phase Modulation:

sew (1) = A, cos(2z ft+k,m(t))
O Frequency Modulation: .
Sew (1) = Ag:os[Z;zfctJrerl(f Im(ﬁ)d/l]

B where

B m(t) - message signal

B A, - signal amplitude

uf - carrier frequency

B k, - phase sensitivity constant (radians/volt)

B k; - frequency deviation constant (radians/volt-second)

3
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Receiver for FM/PM
rt)=st)+r(t)  rt)=st)+ n(y)

——

—
FM AWGN FM bandpass
5 or AWGN S
PM PM W —
m(t
s(t)_( ) '® | FrontEnd | | FM or PM Lowpass (t)
Filter | Detector Filter /

)
v(t) N Jpre

~o 1 dzrlt) 1 d ~
FM M=t ank, ar s O MU+ e 1)

PM m(t)=Zr(t) =g, (t) =m(t)+np, (t)
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Pre-detection SNR

O For FM or PM the pre-detection SNR
can be calculated as

s A
2
N = NZ"-ZBT = N,B;

=
N pre 2NUBT
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SNR for PM/FM

After front end rit)y=A COS(Zﬂ' ft+ ¢(t)) +n(t)
2

filtering

signal noise
Bandpass noise  N(t) =N, (t)cos(27z ft)—n, (t)sin(27 f.t)
=R, (t)cos(2z f t+4,(t))

R, (t)sin(g, (1) - 4(t)) }

A +R, (t)cos(4, (1) - 4(1))
Forlarge nput R, A, >> R, (0)605(6,(0)) A >> R,(1)sin (6, (1)
4 (®) zﬂg+msin(¢n(t)f¢(t)):¢(t)+n°T(t)

signal

4 0) =¢(t)+tan*{

noise 6
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Signal Plus Noise for Angle
Modulation

Complex baseband r(t) :RE{QT (t)ejzm} n(t):Re{g" (t)ejzw} s(t):Re{g(t)eﬂﬂcl}
representation g-r(t) :A,(t)e"”“‘ g, (l) — &(t)e”") g(t) :Ae”“

a(t)=R,(t)e""

Imaginary _< Quadrature Noisé

o () =A " ,

Real
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Signal Plus Noise for Angle

Modulation

Imaginary

Rotating with respect to ¢(t)

Rn(t)
G =gt A (041
\ A Real

R R A1)
¢ () —¢(t) =tan {XT m}

ﬂan,l{ R, (t)sin(, (1) ~¢(t)) }
A + R, (t)cos(4,(1) - ¢(1))
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SNR for PM
For PM: o) = kpm(t)
Desired signal o
power S is: S =k;m?(t)

2
= D;[m] D, =kV,
V

p

The noise power spectral
density can be determined Moy (1) =
from the PSD of ng(t): M A
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Noise

PSD of Quadrature noise nQ(t) P (f) - No | f |S BT 12
No = NoBy " 0 else

o

-B,I2 B,/2

Now, since the noise is uniformly distributed in angle, the offset angle ¢(t) does
not change the statistics of R, (t)sin(¢,(t)-(t)) from those of R, (t)sin(¢,(1)). Thus,
1
=N, [fl<B /2
R(f)=<A

0 else
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SNR for PM
w
Noise power N after N = I P (f)df
low pass filter is: -w Note that
increasing the
= Z\NNO signal amplitude
A:Z decreases the
> noise power.
The SNR is then: pz M)
s] LY,
N post ZVVIZ\‘”
A
®)
2D? mi)
o)
T 20N,
11
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SNR for FM

t
Now for FM we have  #(t) = 27k, j. m(4)d4

At the output of the FM detector we have (for large SNR;;)

1d, 0= 1 .d/n®
zndtqj’(t)_k'm(t)+2ndt{ A }

Thus, the desired signal power is:

S = k2m2(t)

— D, = kv
_ DfW z[m(t)] W
Vp 12
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SNR for FM

Using the PSD from the PM case, we know that the derivative is
equivalent to multiplying by 2xf in frequency:

2
27f) 1
( Z) =N, [fl<B /2
P()={ 47 A
0 else
The noise power after W
low pass filtering is then: N = [ P (f)df
S
W gz
= [ = Nudf Note that
w A increasing the
R signal amplitude
- WND decreases the
o noise power.
2w
= No
3A?
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Output SNR for FM

The output SNR is then:

waszgt)

[i] _s_ U V)

NJw N [2NW?
)

:3A§Df2(mwp)2
2N W
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Comparison between PM and FM

a0l |

S

O Output SNR for FM:

O Output SNR for PM:

2

5] - ol |

N 2N W

B Factor of 3 arises because of integration of noise pdf
B Further, D, is more limited than D;.
B This is another reason for preferring FM over PM
15
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Noise Spectrum for PM and FM

PSD for noise in PM After LPE
Before LPF
B2 W w B2
PSD for noise in FM ‘ After LPF
Before LPF
B2 W W B2
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Input SNR (both PM and FM)

r(t)= A cos(2z f t+0(t)) +ESL)

noise

signal
2 N =N
s A oBr
2 =N, 2(D+1)W

3
s 2
[ij,e ~ 2N, (D+1W
_ Al
AN, (D+1I)W
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SNR Gain (both PM and FM)

FM PM
—_— N
34D (MM, )’ A’DY(m/V,)
N | 2NW (S/N)yy | 2NwW
N),. A (S/IN)ye | A
4N, (D, +DW 4N, (D, + W
=6D,%(D, +)(m, ) =2D,%(D, +1)(m, )’

FM provides an additional factor of 3 in SNR provided that
input SNR is sufficiently high.
18
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SNR Gain (both PM and FM)

FM PM
SKDC Y} ADy(miv, )
Ngs | 2NW SN | 2NW
A (SIN).o A
N W 2NW
30/ o)

FM provides an additional factor of 3 in SNR provided [5] A
that input SNR is sufficiently high. i
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Role of Modulation Index in the
design of FM

O SNR increases with modulation index Ds:

S ] = 3'¥Df2(m/vp)2
post

N 2NW

O Bandwidth increases with modulation index D;:
BW, =2(D; +1JW

O Selection of D; allows tradeoff of bandwidth
efficiency for power efficiency

20
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SNR for FM - example

OLet’s assume that FM is used
Olet m(t) = A, sin(a,t) 1
3A'D,* 5

[Lj (i) 2
Vp g N post 2NOW

pEo
N post 2 ! N ref

However, this assumes that SNR,,
is sufficiently high to allow our
approximations to hold.

21
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SNR for FM - example

O When SNR,,, is not sufficiently high, the output
SNR drops substantially. This is called the
threshold effect.

O It has been shown for sinusoidal modulation
that the relationship between pre-detection and
reference SNR when the pre-detection SNR is
not sufficiently high is:

3
(EJ _ EDfZ(S/N)m
N o 1 [

1+;(S I'N ) el{z(Dlr +1)(S/N)mﬂ

ref
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SNR of FM Systems

Sinusoidal
modulation

Threshold

Effect

0 15 20 F 0 E
1 (S/N),  [E) [ 23

Threshold Effect

O We can see that SNR_ . is a linear function of
SNRy¢f (Or SNR,..) onﬁ/ tor high values of SNR,.

O Further, the required value of SNR, increases
with Dy

O Thus, while SNR gain increases with Ds,the SNR
requirements also increase with D;

O However, for constant transmit power input (pre-
detection) SNR decreases with increasing Dy

O The bottom line is that we cannot increase Dy
indefinitely to increase performance, even if we
had sufficient bandwidth.

O Threshold is defined as the minimum input SNR
(or baseband SNR) yielding an FM improvement
that is not significantly deteriorated from the
value predicted.

24
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FM Design Example 20.1

O A given message signal has:
B Bandwidth W=15 kHz

() 01

O The signal is transmitted using FM modulation
over a chaznnel with No :10‘7 W/Hz with a

power %‘:1 w

O If we require an output SNR of at least 30 dB
for sufficient fidelity, find the smallest possible
bandwidth for the resulting signal.
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FM Design Example 20.1
JLcontinued)

OExpress SNR requirement as a linear value:

{31 >30dB = {E] >10*" =1000
st ost

OEvaluate SNR expression for o,
3A2D2(mNV, )" 3.1-D,2.0.
[3] _SADC(MN,) 31010
N o 2N W 10715000

7m21000:> D,’>50=D, >7.1

[s] ~31:D,%0.1
N post
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FM Design Example 20.1
JLcontinued)

OApply Carson’s Rule to compute the
final bandwidth:

Bry =2(D; +1)B
=2-(7.1+1)-15000
=243 kHz

27
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Noise Spectrum for FM

Recall that the noise PSD has a parabolic shape at the
output of the FM detector:

PSD for noise in FM AtertPE

Before LPF

B2 W W B2
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Pre-emphasis

O In frequency-modulated systems, the signal-to-
noise ratio can be improved if the level of
modulation is boosted at the top end of the
message spectrum.

O This is called pre-emphasis and is used in
broadcast FM

FM De-emphasis

Pre-emphasis| FM
receiver [~ | filter

filter transmitter

——{ channel |——|
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Pre-emphasis

O Pre-emphasis filter acts as a differentiator over the band f, to
f,. This creates phase modulation over that band

O We will see later that this improves the SNR substantially.

O This helps SNR because the noise PSD at the output of the FM
detector is parabolic. Thus, we accentuate the signal where
the noise is highest.

Pre-emphasis filter De-emphasis filter
He(f)

Hge()

LA f, Intro to Comm. Fall 2007 f; f2

30




Pre-emphasis

Pre-emphasis filter

De-emphasis filter

FM

channel

transmitter

3 M
v receiver X

Li_

N

Message Spectrum Message Spectrum Message Spectrum
M(f) After pre-emphasis M(f)
t t
i f fi 1 fi 1§
Noise PSD Noise PSD
Pl P.()
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SNR for FM with Pre-emphasis

t
For FM we have #(t) = 27K, I m(4)d4

The pre-emphasis/de-emphasis process does not impact the desired
signal since the combined response is flat. Thus, the desired part of the
output of the FM detector is

1d
zaﬂt):kcm(t)

Thus, the desired signal power is:

S =kZm?(t)
KV,
© 2 D, = W
a2 Mt
==
P 32
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SNR for FM
:Let's use a de-emphasis filter that is a simple RC circuit:
1 1
Ho (f)= =
‘ How (F) 1+ §(F /)
w
The noise power after N = [ B, (f)[H,,(f)" df
filtering with de- W
emphasis filter is: w g2 :
p :.[ f2 N, - 1 df
a A I )
wof? 1
= [ 5N, ————df
LRt
:%{L_m][w H
A fase foas
2N f w
ACZ 33
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Output SNR for FM

[wazmz(t)J

[ij s U v
N ) N [2N0f2 ]

The output SNR is then:

A23dB W

] AfoZ(V%SdB)Z(mNp)Z

2N W

34
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Input SNR
r(t) = A cos(2z f t+0(t))+n(t)
signal noise
K N =N,B;
2 =N,2(D, +1)B

A
(ij __\2)
N e 2N (D; +DW
_ A
4N, (D, +DW

35
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SNR Gain
K0 (W, v,
N 2N W
(SIN),, - AZ

4N, (D, +)W

P —

=2D,%(D, +1)[V%m] (mpn, )’

IN)

S 2 2
((5/ N =6D,*(D; +1)(mV, )

Without De-emphasis:

36
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SNR Gain

N o _ 2NW
N )ref i
2N W

-0 (W, ) ()

De-emphasis provides significant benefit provided the
input SNR is sufficiently large andfﬂ >3
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Example 20.2

O Standard FM broadcasting uses D; = 5, W =
15kHz and f; g = 2.1kHz

—

(S/N)pust n? 2
(S/N)w =D (W fsna) (m/Vp)
= 25+(150007, o) (V. )
=1275(mpV, )’

OTV aural broadcasting uses D; = 1.67, W =
15kHz and fyz = 2.1kHz
(S/N) —

G0 (A, )

et

:
=278*(150007, ) (mV, )’

(v,

38

Broadcast Examples

Approximately 13dB
improvement in SNR

S FM Broadcast - with de-emphasis

~o~ FM Broadcast - without de-emphasis
25— —«— TV Aural - with de-emphasis Assumes
—&— TV Aural - no de-emphasis. sinusoidal
20 L ! modulation
15 20 25 30 35
SNR, (dB)

39
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Comparing Analog Modulation

Modulation Tx SNR st Comments
Type Bandwidth SNR ¢
i Valid for any SNR;, and coherent
AM 2w ks sz detection. Must be above threshold
L+kim for envelope detection
DSB-SC W 1 Coherent detection required
SSB W 1 Coherent detection required
Ty Coherent detection required; valid
PM Z(Dp+ Hw D;lvﬂ] for SNR,,,, above threshold
¥ Valid for SNR,,,, above threshold
M 2(DA+L)W znf[%/[ alid for SNR,,, above threshol
EM with 2(D+1)W —ar Valid for SNR,, above threshold
- ' (2] (%)
demphasis VAUA

Baseband W 1 No Modulation
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ldeal Performance

OFM shows us that we can trade bandwidth
for performance.

O De-emphasis shows that this trade-off can
be improved over standard FM

OWhat is the most improvement that we can
obtain?

OWe can answer this using Shannon’s
Channel Capacity Theorem

S
C=Wlog,|1+—
o103

a1
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Ideal Performance (cont.)

OAnN ideal system is one in which there is no
capacity lost in the detection process (i.e.,

Cpre = Cpost) Cpre =C

post

B, log, (1+(%]m]=w '092(“(%10@]

OSolving for C -

EEE

42
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Example

B,/B=12
. // D=5
© Wiy = 7.1

@
T4
g —
Z30 -
-
20 - [ij __R
_— —Y] N Jpe NBr
10 _— —&~ FM with De-emphasis WP
_— —— DSB-SC/SSB/Baseband "B NW
- —— Ideal Performance °
o= 1 ,ﬂ(ij
0 5 10 15 20 25 30 35 Br AN
SNR, (dB) 43
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O Today we have examined the performance
(in terms of the output or post detection
SNR) of FM and PM systems

O FM systems allow for a trade-off between
SNR performance and bandwidth unlike AM
systems for which both are relatively fixed
B However, we cannot increase bandwidth

arbitrarily in hope of improving SNR performance

O We have also examined the concept known
as pre-emphasis which further allows for
SNR improvements for FM systems

a4
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