ECE3614
Introduction to

Communications Systems
Fall 2007

Instructor: Dr. R. Michael Buehrer
Lecture #3: The Fourier Transform
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Overview

Last class we briefly reviewed the Fourier
Series and introduced the Fourier
Transform

Today we will continue our discussion of the
Fourier Transform by again examining Its
relationship to the Fourier Series

The Fourier Transform introduces the
frequency domain which is an equivalent
but insightful means of representing signals

Reading
m 21,23
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Lecture Objectives

In this lecture we will

B define the Fourier Transform
B related it to the Fourier Series
B discuss its characteristics

B examine several examples
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Fourier Theory

[l Two basic types of signals
B Periodic

[0 Power signals

B Aperiodic

[0 Energy signals

[l Fourier Domain Options

Fourier Series
[0 Representation valid for all time if signal is periodic

0 Representation is valid only over a certain interval for
aperiodic signals

Fourier Transform
[0 Applies directly to aperiodic signals

[0 Requires introduction of the impulse for application to
periodic signals
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Limitations of the Fourier Series

[l The continuous time Fourier Series (CTFS) is a useful
analytical tool but has limitations:

B It can represent periodic signals for all time and can
represent aperiodic signals for a finite time, but cannot
represent an aperiodic signal for all time

® It inherently depends on the fundamental frequency

(i.e., the observation interval) chosen — signhals with
different fundamental periods must be converted to a

common observation interval.
[1 The Fourier Transform will overcome these limitations

by allowing us to represent periodic and aperiodic
signhals without depending on the observation interval

g
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lllustrative Example

[J To help us understand the relationship between the
Continuous Time Fourier Series and the Continuous Time
Fourier Transform consider the follpwing signal

(0}

& S

A

Tw X(t)= Ai rect[t_znTWj
O with T, = T,/2 and t, = O. = T

[0 We know that the Continuous Time Fourier Series is

A . (nj
c, =—sinc| —
2 2
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Reducing the Duty Cycle

[1 Now let us reduce the duty cycle such that
B T, remains constant
mT,=10T,
B The average power is kept constant (i.e., we increase

the amplitude by T, to maintain constant average
power)

=3 t—10nT A . n
x(t)=10A rect o C. =—SINC| —

N=-—00 W

L1 If we further reduce the duty cycle such that
B T A remains constant
® T,=1000T,,

B The average power is kept constant (i.e., we increase
the amplitude by T,

e t—1000nT A . n
_ Z w c =—sinc| ——
x{1)=10004 reCt( T j " 2 (1000)

N=—00 W
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The Magnitude Response

Plotting for T, = 2T, and T, = 10T,
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frequency and shows more detail of the
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Magnitude Response (cont)

0 If we normalize the x-axis by the T 10T
fundamental period, we see that |
Increasing the period increases the
sampling rate of the underlying
function

O If we let the period go to infinity
(i.e., we let the square pulse train
approach a single pulse), the
Fourier Series representation
approaches a continuous function —
this is the Fourier Transform

ol To72Tw - - T.=1000T,,

04r b 04k
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The Frequency Domain

[0 The original signal x(t) is said to be in the time domain since its
argument represents time

[0 The Fourier Transform X(f) representation is said to be in the
frequency domain since its argument f represents frequency

[0 Notes:
B Frequency is the reciprocal of time

B The Fourier Transform is referred to as an analysis of the
sighal x(t) since it extracts the frequency components of x(t)
at each value of f

B The Inverse Fourier Transform is referred to as synthesis
since it recombines the components X(f) to obtain the
original signal x(t)

B The physical meaning of X(f) depends on the meaning of
x(t). If x(t) has units of volts, X(f) has units volts/Hz.

[ Thus it represents how much of the over all voltage signal is
present at each frequency.

JUEY
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The Frequency Domain

[0 We can think of the Fourier Transform and the
Inverse Fourier Transform as means for moving
between the time and frequency domains

[l Note that no information is lost in the transformation
and both are equivalent representations of a signal

This iIs sometimes
termed the

X ( f ) = T x(t)e‘jz”ﬂdt “Analysis equation”

o0

x(t) — j X ( f )ejZ”ﬁdf This is sometimes
termed the
- “Synthesis equation”

11
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Further Notes

The function X(f) is also sometimes referred
to as the amplitude spectral density or the
spectrum of x(t)

We often represent Fourier Transform pairs

using the notation
x(t)

X(f)

and we refer to x(t) and X(f) as a Fourier Transform
pair

Sometimes the Fourier Transform is defined
in terms of radian frequency: _

X (@)= [ x(t)e dt X(t)= [ X (w)e’df

—00 —00
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Example 3.1

Consider the rectangular pulse

1 X(t) = rect [%]

-T/2 T/2

Find the Continuous Time Fourier

Transform =
X (f)=[ x(t)e > "dt

—Q0

T/2
= I e 127t

-T/2
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Example 3.1(cont.)

T/2

X (f)= [ (cos(2xft)- jsin(2xft))dt

-T/2

2 f 2 f

={isin(2z ft)+ jicos(Zn ft)}

T/2

-T/2

1 . :
:Zﬂ—f[sm (27T 12)-sin(=27fT/2) |+...

—
Jzﬂ—f[cos(Zn fT /2)—cos(-27fT /2)]

1 .
=—— T
= S|n(7z )

=Tsinc( fT)

rect [%] ——Tsinc(fT)

Fourier Transform Pair

14
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Example 3.1 - Plots

rect [%J Tsinc( fT)
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Time vs. Frequency

—
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Time vs. Frequency

[0 As mentioned earlier, time and frequency are
reciprocal

L1 If a function speeds up in time, it slows down iIn
frequency

B If a signal changes rapidly it requires more high-
frequency components

B Signals which change rapidly in time are said to have a
large bandwidth (a measure of the frequency content)

1 If a function slows down time, it speeds up in
frequency

M If a signal changes slowly in time it requires less high-
frequency components and more low-frequency
components

B Signals which change slowly in time are said to have a
small bandwidth
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Definitions of Bandwidth for

Laseband Signals

[1 Bandwidth is a term used to describe a positive
frequency range over which the signal has
significant content. There are various definitions
for bandwidth including:

B Absolute Bandwidth (B_,.)
OO0 Defined as B where W(f)=0 f>B

B 3-dB Bandwidth (half-power bandwidth - (B;4g))

[1 Defined as B where
B X-dB Bandwidth
CODefined as B where

W (f)

2010g, (

2
s Wl ¢

W(f)\)<[20|og10(\W(f)\max)—x] f>B

m First Null Bandwidth (B ¢ nui)

[IFor baseband systems this is equal to the frequency of
the first null in the spectrum

JUEY
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Bandwidth - Baseband

B.4s = 900HZ
B = 2kHz

firstnull — <
B, = infinity

W ()]

I\ .
-4000 -2000 0 2000 4000 6000
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©

Intro to Comm. Fall 2007
R.M. Buehrer



Bandwidth - Bandpass

W ()]

0.2+

0.1

1
!

B

1
first nulli

0.5

0.6

0.7

08 09 1 1.1 12 1.3

1.4 15
X 104

B, = 1.8kHz
Bfirst null = _4|_(HZ
B, = infinity
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20*Ioglo(|X|/ max(|X])

10+

-15+

25+

-30

35+

Example 3.2

- Frequency
Domain

5,70 ) R AP KPPy AURPUDRS P AP D SRR PP AP SUPIPP

Find the 20dB
bandwidth, the
absolute
bandwidth and
the first-null
bandwidth

B,oogs = 2.75kHz
B_,s = infinite
B, = 1kHz

null —

" Time Domain |

-40
-4000  -3000 -2000  -1000 0 1000 2000 3000 4000

Frequency (Hz)

B
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20*Ioglo(|X|/ max(|X])

In-class drill

N
(&) ]
I

-30

Frequency
Domain

|,

4000

) / w

-3000  -2000

-1000 0 1000 2000 3000 4000
Frequency (Hz)

. Time Domain
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Example 3.3: FT of Exponential

0, t<O

wt)=u(tle ™ = {eat, t >0

W (f)=

]O u(t)e—ate—jZﬂftdt = Te—(aH?fﬂ)tdt
S 0

€

—(a+j2fz)t | : 1

1

a+jofr| a+j2fz

o0

W(f)

"2y W)

2o

Intro to Comm. Fall 2007
R.M. Buehrer



x(t)

Example 3.3 (cont.)

15

10
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As time waveform decreases more slowly, the
more low frequency content in the wave.



Example 3.3 (cont.)

X

Magnitude Phase

a=10

angle(X(f))

-60

| | ! I I ! ! ! I
100 150 200 -200 -150 -100 -50 0 50 100 150 200

Frequency (Hz)
2 f

arg(W( f)) =—tan™ [—

-70 | | | | |
-200 -150 -100 -50 0 50
Frequency (Hz)

= 1
Ja2 1 (21x)?

N
a1
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Approach to Finding Fourier

<LLansform Pairs

We could continue to find transform pairs
according to the definition, but this Is
Inefficient

In general, we compile a table of known
transform pairs

We also compile a table of simple rules for
modifying transform pairs (i.e., properties).
We will study properties next class.

Using the known pairs and transform

properties we can find most transforms
needed.

N
(o))
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Fourier Transform Pairs

Rectangular Pulse

T [sinc(fT)]

Triangular Pulse

T [sinc(T)]

Unit Ste 1 1
2 u(t) 20U+ 27 f
Signum sgn ('[) Jﬁif
Constant 1 5( f )
Impulse at t, 5('( _t ) p-lorth
Si : ==
ne sinc(2Wt) — rect(zw)
Phasor e joot+e es(f—1,)
sinusoid COS(27 ft+ @) |;eratt-t)syes(isn)
Gaussian e—ﬂ(t/to)2 t g7 ()’
(0]

Note: Think of
a constant as
a sinusoid with
an infinite
period (f = 0).
Does the
transform
make sense”?
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In-class drill

Determine the first-null bandwidth,

absolute bandwidth and 30dB
bandwidth of the signal
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Summary

In this lecture we have discussed a vital tool
In communication system analysis termed
the Fourier Transform.

The Fourier Transform is useful for providing
a frequency domain representation of
periodic and aperiodic signals that is valid
for all time.

B We will examine periodic signals next week.

The Fourier Transform is an incredibly useful
tool iIn many fields of engineering.

Understanding the relationship between
time and frequency Is perhaps one of the
most important concepts in this course.

N
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