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Introduction to
Communications Systems
Fall 2007

Instructor: Dr. R. Michael Buehrer |

Lecture #8: The Energy Spectral
Density and Power Spectral
Density
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Overview

O The Fourier Transform provides frequency domain
information for both energy signals and power signals.

O The energy spectral density (ESD) provides
information of the energy of the signal at each
frequency
B Applies only to energy signals

O The power spectral density (PSD) provides
information of the power of a signal at each frequency
B Applies only to power signals

B Can be applied to random as well as deterministic
signals

O Today we will review the ESD and PSD and their
relationship to the autocorrelation function

O Reading
m 28-29
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Developing Energy Spectral Density

O Recall the Convolution/Multiplication property
%, ()%, () ==X, ()X, (f)
O Writing this as an equality

[ () (t=r)dr = [ X, (£)X,(f)er"df
O Rev?rsing time and conjt]ogcating we have

[x()6(r—tdr= [ X,(£)x;(1)e ar
O Letting t = 0 and setting x,(t) = x,(t)

Jrlepstoar= [ x(ox (s
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ESD — cont.

jmﬂmﬂw:]nuwxwm
O Rewriting

Sl dr =[x (F) of
= Energy - .

O Since the integral of |[X,(f)] over f
provides the total energy, we can call it the
energy spectral density

‘2

(1) =[X(1)
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Autocorrelation

O The autocorrelation function provides a
measure of the similarity of a signal with a
delayed version of itself

oo

Rx(r):fxl(t)xf(t—‘r)dt

-0

O Setting the delay © = O we arrive at the
energy

R (0)= [ x(t)x e [l of o

<
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Autocorrelation — cont.

O Starting from the correlation relationship we described
earlier

fxi(t)xl*(tf'r)dt:]X1<f)X;<f>e’2“"df

O Howeve;. the first integraliis simply the autocorrelation
function

R.(r)= [ X, (1) (F)e“
= ]\xl(f)\zeﬂ”*df

R.(r)= [,(f)e™ ot
O Thus, the autocorrelation function and the energy
spectral density are Fourier Transform pair
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Example 8.1

[0 Determine the autocorrelation function of a
sinc pulse

O Solution: We could use the definition
directly, but it doesn’t appear to be
straightforward

Rx(r>=jx1<t)x;(r—7>dr

jsinc(t)sinc(tfr)dt

-

O How else might we do this problem?
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Example 8.1 (cont.)

O Since we know that the autocorrelation function is the
Fourier Transform of the ESD, let us examine that
approach. Perhaps it is easier.

O The ESD is simply

Gl E)=[X(F)
=|rect(f)]
=rect(f)

‘Z

O Taking the inverse Fourier Transform we have
R, (r)=sinc(r)

O Thus, the autocorrelation function of a sinc pulse is
simply a sinc pulse
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Power Spectral Density

O Recall the definition of power as the time-
average energy of a signal

1 2
P:JIIE]CE‘!;‘X(I)‘ dt
X (t)= rect[%]x(t)
1T 2
P:TILr?CZ—T:UxT (t) dt
O From the Rayleigh energy theorem

1T
P=EIT:E£‘XT(f)‘de

O Define

O Thus,
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PSD — cont.
P:Tlipl%i\xT(f)fdf

O Interchanging the limiting and integration operations

P= fJer;—x wdf
~ [s.(f)at
where Sy (f)* lim *‘X ‘ is termed the Power

Spectral Densny
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Autocorrelation Function

O The autocorrelation function of a
power signal is

1 .
RX(T)—JLTE[X<t)X (t=r)dt
O Further, just as with energy signals
we can show that the autocorrelation
function of power signals and the
power spectral density are a Fourier
Transform pair

R(r)=—

S.(f)
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Periodic Signals

O While the previous definitions are helpful for
general power signals, for the important subclass
of power signals, periodic signals we can find a
more direct expression for the power spectral
density

O Recall that we can write a periodic signal in terms
of the Fourier Series

= Cnej anfot
n=—o0
O Further, the autocorrelation function is
T

R (7)=lim ifx(t)x'(t—f)dt

T—oo 2T -
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Periodic Signals (cont.)

O Substituting the Fourier Series representation into the
autocorrelation function definition

Rx( 7T|Lm Ef Z G gi2mmfat [Z c"e’JZTm' o(t=7) ldt
Sim L 15 5 qere e

N=—00 M=—2%

T
* IimifeJZTniateijTrmla(t—T)dt
T 2T

=12 Y e
lim fe’““ "‘J“dt]

n=-ccm=

Z Z ¢, * gi2nmlyr

n=—ccm=-00
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R,(7) of Periodic Signals — cont.

O Continuing...

i i Cnc;ejzm'nf

T
-1 (n—
||m—fe’zﬂn ot it

e 2T,

:{ i i €,Che™7 5 (n—m)

n=—oc m=—00

_ Z ‘C ‘ gizmfar

O The Power Spectral Density can then be
found using the Fourier Transform
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PSD of Periodic Signals

O We can find the PSD using the Fourier Transform
= 3 faf e
S,(f)=F{R.(7)}
—¢| S fefere]
= S fafFfer)
= > [ fa(t—nt,)
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Example 8.2

O Find the PSD of the pulse train
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Example 8.2 (cont.)

O We know that the PSD of a periodic
signal can be written as

s.(f)= S [o.fo(f =nf,)

O Further, we can determine the Fourier

Series coefficients as

c, :i eqzﬁn'ﬂxdt
TD ~T/2
T .
=—sinc(nf,T
sine(nfT)

o
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Example 8.2 (final)

O Thus, we have
S,(f)= S [o,Fo(f =nf,)

o

>

n=—oc0

2

6(f=nf)

T ..
= f,T
T sinc(nf,T)
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Filtering Energy Signals

O  We know from system theory that the Fourier
Transform of the output of a system can be written as

Y(f)=H(f)x(f)
O The ESD can be written as
oy ()= (1)
=[r (X ()
=[P (O
=H (] ()
O Which tells us that the ESD at the output of a system

is the ESD of the input multiplied by the magnitude of
the transfer function squared

‘ 2
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Filtering Power Signals

O The Fourier Transform of the output of a system
when the input is periodic can be written as

Y(£)=H(F)X(f)

0

=H(f)> c6(f=nf,)

n=-—cc

= S H(nf, )e,8(f —nf,)
O The PSD can be written as

s, (f):ni;‘H (nf,)e,f 6(f —nf,)

= SRR e o F =,
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Summary

O In this lecture we have briefly reviewed
the concepts of Energy Spectral Density
and Power Spectral Density

O The ESD or PSD of the output of a LTI
system can be readily found using the
ESD or PSD of the input and the transfer
function of the system

O The autocorrelation function and the
power spectral density (energy spectral
density) form a Fourier Transform pair for
power (energy) signals
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