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Chapter 1

Digital Communications

In this chapter we briefly review digital communications. It is assumed that the
reader has a familiarity with digital communication principles. This chapter is
intended to simply provide the reader with quick reminders of several key digi-
tal communications concepts that will be used in our study of spread spectrum
communications. For a more detailed description of general digital communica-
tions, the reader is encouraged to refer to one or more of the many fine texts in
the area [1, 2, 3, 4, 5].

1.1 Introduction

For the past 25-30 years digital communication systems having been replacing
their corresponding analog counterparts. While it has long been known that
digital systems offer tremendous advantages over analog systems, only in the
last 20 years has technology advanced to the point to allow digital systems
to be a cost-effective alternative. Cell-phones, cordless telephones, land-line
communications, military communication systems and finally broadcast services
have all seen digital technology replace analog. Among the advantages that
digital systems offer are

• Increased fidelity through error correction coding

• Mixed information types in a single communication system and even mul-
tiplexed in a single data stream

• The opportunity for bandwidth reduction via source coding

• More flexible trade-offs between bandwidth and performance (i.e., fidelity)

• Opportunities to improve performance via advanced signal processing

• The opportunity for encryption

1
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Figure 1.1: Block Diagram of a Typical Digital Communications System

A block diagram of a typical digital communications system is shown in Fig-
ure 1.1. Digital Communication systems can transmit either information that
is inherently digital (e.g., computer files) or information that is analog but has
been converted to a digital format through sampling and quantization. Digi-
tal information can also be compressed through source coding. Source coding
removes redundancy in the information to reduce the requirements for transmis-
sion. The source-coded binary data can also be encrypted to provide security.
This new information stream can then be further encoded1 by the channel coder
using an appropriate forward error correction (FEC) code to provide protection
against errors introduced by the channel. This operation increases the rate of
the binary data by adding redundancy in an intelligent fashion so that it can
be exploited to detect and possibly correct bit errors.

The modulator accepts the coded bit stream and converts the bits to sym-
bols for transmission using electromagnetic waves. For bandpass transmission
(typical for wireless systems) this operation typically involves modulating either
the frequency, phase or amplitude of a radio frequency sinusoidal carrier. The
resulting signal is launched into the channel which will attenuate and possibly
distort the signal. The most benign channel will attenuate the signal based
on the distance traveled in a manner which is constant in time and frequency.
In many systems, however, the channel may also have a limited bandwidth,

1The term ”coding”: is unfortunately over-used in the field of communications. We will
typically use the term encryption for security-oriented codes and reserve the term ”code” for
a forward error correction code. Source codes will generally not be considered in this text.
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which can cause frequency distortion. In wireless systems, mobility combined
with multipath can induce a time-varying channel which is typically referred
to as a fading channel since the time-varying attenuation can be quite severe
resulting in a ”fade” of the received signal. We will discuss this more in Section
1.11. When multipath components have relative arrival times that are separated
by more than the symbol duration, the attenuation experienced can also vary
across frequency. Typically this ”frequency-selective” fading must be combated
through equalization techniques, although spread spectrum systems offer a spe-
cific advantage over this type of distortion as we will see. Regardless of the
attenuation and distortion effects of the channel, the received signal will also be
corrupted by an additive signal due to the combined EM radiation of objects
which have non-negligible temperatures. The superposition of these radiation
sources is typically modeled as a white Gaussian random process. This type of
distortion is termed additive white Gaussian noise or AWGN.

At the receiver, the reverse operations must be performed. After filtering,
down-conversion and demodulation, the receiver will typically perform equaliza-
tion, if necessary, followed by decoding. This is in turn followed by decryption,
if encryption is employed, source decoding and, if the information is analog,
digital-to-analog conversion.

We will discuss several of these steps in detail shortly. However, before
we do so, we will review two concepts that will prove to be quite useful in the
analysis of communication systems: bandpass signals and random processes.
Note that the coverage here is limited and intended to merely reacquaint the
reader with these topics.

1.2 Bandpass Signals

Communication signals typically involve carrier modulation and are thus band-
pass signals. However, the use of bandpass signals for analysis is somewhat
awkward. Thus, typically we will use the complex baseband representation of
bandpass signals. We will briefly describe different representations of bandpass
signals in this section. Consider a signal z(t) with center frequency fo which
has non-zero frequency components only in a relatively small region |f−fo| ≤ B
where B << fo. We define B as the signal bandwidth. A signal which has
this property is considered a bandpass signal. This is to be contrasted with a
baseband signal which has non-zero frequency components only in the region
|f | ≤ B where again B is termed the bandwidth of the signal.2

A bandpass signal can be represented as

z(t) = zI(t)cos (2πfot) − zQ(t)sin (2πfot) (1.1)

where zI(t) and zQ(t) are real baseband signals and are called the in-phase and
quadrature components of z(t) respectively. This representation is termed the

2It should be noted that there are many definitions of bandwidth. This is often termed
the absolute bandwidth.
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in-phase and quadrature representation of bandpass signals and is useful for
developing transmitter and receiver structures. However, it isn’t particularly
intuitive when it comes to understanding modulation. Bandpass signals can
also be represented as

z (t) = A (t) cos (2πfot + θ (t)) (1.2)

where A(t) and θ(t) are real baseband signals that represent the amplitude and
phase modulation respectively. It is relatively straightforward to show that

A (t) =
√

z2
I (t) + z2

Q(t) (1.3)

θ (t) = tan−1

(
zQ(t)

zI(t)

)
(1.4)

This representation is often termed the amplitude/phase representation and pro-
vides more insight into the carrier modulation of the bandpass signal.

Finally, a bandpass signal can be written in complex baseband (or complex
envelope) representation as

z (t) = Re
{
z̃(t)ej2πfot

}
(1.5)

where j =
√
−1, Re {x} is the real part of x and z̃(t) is a complex baseband

signal that can be written as

z̃(t) = zI(t) + jzQ(t) (1.6)

We will find that this last representation is the most useful in terms of analysis,
since it provides us a means for eliminating the awkward carrier component.

1.3 Random Processes

The use of random processes is fundamental to the study of communication sys-
tems. In this section we briefly review random processes. The reader is referred
to [6, 7, 8] for a more detailed discussion. A random process is a collection of
time functions where each time function in the set (termed a sample function)
has at least one parameter that is the instantiation of a random variable. Each
sample function is one realization of the random process and is one member of
the ensemble of sample functions. A random process is described by an n-fold
joint distribution function:

fX(t1),...X(tn)(x1, . . . xn; t1, . . . tn) = P {X(t1) ≤ x1; . . . X(tn) ≤ xn} (1.7)

where xi = X (ti) is a random variable. If the first order density function
fX(t1)(x1; t1) is independent of time t1, that is

fX(t1)(x1; t1) = fX(t1+τ)(x1; t1 + τ) (1.8)
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for any τ then the random process is called first order stationary. A result of
first order stationarity is that

E {X(t)} = µX = constant (1.9)

where E{·} is the expectation operator and µX is termed the mean. In other
words, we may measure the mean of the random process at any time t and
obtain the same value. A strictly stationary process is a random process for
which all n, all (t1, t2, . . . tn) and all τ ,

fX(t1),...X(tn)(x1, . . . . xn) = fX(t1+τ),...X(tn+τ)(x1, . . . xn) (1.10)

Strict stationarity is not typically required for proper analysis. A more relaxed
requirement is wide-sense stationarity. A wide-sense stationary process is one
for which

• E {X(t)} = E {X(t + τ)} = µX

• E {X(t1)X(t2)} = E {X(t1)X(t1 + τ)} = RX(τ)

In this book we will typically assume that random processes are wide-sense
stationary.

Another important class of random processes is the class of ergodic random
processes. An ergodic random process is one for which the time and ensemble
averages are interchangeable. For example

E {(X(t))} = lim
T→∞

1

T

∫ T/2

−T/2

x(t)dt (1.11)

and

E {(X(t)X(t + τ))} = lim
T→∞

1

T

∫ T/2

−T/2

x(t)x(t + τ)dt (1.12)

Note that for strict ergodicity, all ensemble averages must equal their corre-
sponding time averages, not just the first and second order averages. Further,
it should be noted that ergodicity requires stationarity and is thus a more strict
requirement than strict stationarity. We will commonly assume ergodicity al-
though it is not strictly necessary in many cases.

Another important class of random processes is the class of Gaussian random
processes. A Gaussian random process is a process X(t) for which the random
variables {X(ti)}n

i=1 (i.e., n time samples of the random process) have a joint
Gaussian density function. That is

fX (x1, . . . xn; t1, . . . tn) =
1√

(2π)n |CX |
exp

{
−(1/2) [x − x]

T
C−1

X [x − x]
}

(1.13)
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where

[x − x] =




x1 − x1

x2 − x2

· · ·
xn − xn


 , (1.14)

xi is the mean of xi,

CX =




C11 C12 . . . C1n

C21 C22 . . . C2n

...
...

...
Cn1 Cn2 . . . Cnn


 , (1.15)

is the covariance matrix with

Cij = E {(xi − xi) (xj − xj)} (1.16)

and |CX | is the determinant of CX . The most relevant examples of Gaussian
random processes are Additive White Gaussian Noise and the Rayleigh fading
channel. Note that a white process is a process that has a spectral density S(f)
which is constant. In other words based on the Wiener-Khintchine Theorem,
the autocorrelation function Rxx(τ) = F {Rxx(τ)} = δ(τ) where F {x(t)} is the
Fourier Transform of x(t).

1.4 Sampling

The analog-to-digital process consists primarily of sampling and quantization.
These two procedures convert an analog signal to a signal which is discrete in
time and amplitude. These values can then be converted directly to data bits
or further processed to compress the information (e.g., in vocoders). Sampling
is the process of converting an analog signal to one which is discrete in time.
If samples are taken at a uniform rate, it was shown by Nyquist [9] that the
original signal can be reconstructed from samples that are taken at a rate fs

provided that

fs ≥ 2fmax (1.17)

where fmax is the maximum frequency component of the signal of interest. For
baseband signals fmax is also termed the bandwidth B of the signal. Thus, we
can replace fmax with B. We can also view sampling through the interpolation
formula which states that a signal can be reconstructed from samples taken at
fs = 2B as

x(t) =
∞∑

n=−∞
x
( n

2B

) sin (2πB (t − n/2B))

2πB (t − n/2B)
(1.18)

To understand this, recall that the sampling theorem tells us that we can com-
pletely represent a band-limited signal x(t) by samples of the signal x(nTs)
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taken at an appropriate frequency fs = 1
Ts

. Formally, if we assume an impulse-
sampled signal we can write the sampled signal as

xs(t) =
∞∑

n=−∞
x(nTs)δ(t − nTs)

= x(t)

∞∑

n=−∞
δ(t − nTs) (1.19)

where the impulse is defined as

δ(t) =

{
undefined t = 0
0 else

(1.20)

and
∫ ∞

−∞
δ (t) dt = 1. (1.21)

Now taking the Fourier transform of (1.19) results in

Xs(f) = X(f) ∗ F
{ ∞∑

n=−∞
δ(t − nTs)

}

= X(f) ∗ 1

Ts

∞∑

n=−∞
δ

(
f − n

Ts

)

=
1

Ts

∞∑

n=−∞
X

(
f − n

Ts

)
(1.22)

where ∗ is the convolution operation. Now we see that sampling in the time do-
main results in replication in the frequency domain. If fs > 2fmax where fmax

is the highest frequency component of the signal, there will be no overlapping in
frequency between the replicas of the original spectrum (i.e., no aliasing) and
thus no distortion. Now if we lowpass filter the signal i.e., we multiply the
spectrum by an ideal lowpass filter with response

H(f) =

{
Ts |f | < B
0 else

(1.23)

we obtain the original spectrum:

Y (f) = H(f)Xs(f)

= X(f) (1.24)
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Looking at this in the time domain we have

y(t) = h(t) ∗ xs(t)

= 2BTssinc (2Bt) ∗
∞∑

n=−∞
x(nTs)δ(t − nTs)

=

∞∑

n=−∞
x
( n

2B

)
sinc (2Bt − n)

=

∞∑

n=−∞
x
( n

2B

) sin ( 2πBt − πn)

2πBt − πn
(1.25)

=
∞∑

n=−∞
x
( n

2B

) sin (2πB (t − n/2B))

2πB (t − n/2B)
(1.26)

Thus, if we use the sinc function for interpolating the signal, we can reconstruct
the signal perfectly. Note that sinc (x) = 0 for integer values of x. If the signal
is sampled at the Nyquist rate (fs = 2fmax) an ideal brick wall filter is needed.
However, such a filter is impossible to build in practice since it requires an
infinite (and non-causal) impulse response. Realistic system filters have finite
roll-off and will thus introduce some finite amount of aliasing, although it may
be negligible.

Example 1.1 Consider a bandpass signal with center frequency fc =
2.4GHz and bandwidth BT = 300MHz whose magnitude spectrum is
shown in Figure 1.2. (a) Plot the magnitude spectrum of the sampled
signal when fs = 5.6GHz and characterize the ideal filter needed to re-
cover the original spectrum. (b) Repeat for fs = 2GHz

SOLUTION: (a) When fs = 5.6GHz the sampled spectrum is simply
the original spectrum replicated at integer multiples of 5.6GHz. The first
two replicas are shown in Figure 1.3. The highest frequency component of
the original spectrum is fmax = fc + B/2 = 2.55GHz. We can see that
since the sampling frequency is greater than twice the highest frequency
of the signal, i.e., fs > 2fmax, we can recover the desired signal using an
ideal lowpass filter with a cut-off frequency between 2.55GHz and 3.15GHz.
Alternatively, we can recover the original signal using an ideal bandpass
filter centered at 2.4GHz with a bandwidth between 300MHz and 1.5GHz.
(b) When fs = 2.0GHz the sampled spectrum is given in Figure 1.4 (top).
We see that although we cannot recover the original signal using a low-
pass filter, we can recover the original signal using an ideal bandpass filter
with a center frequency of 2.4GHz and a bandwidth between 300MHz and
approximately 1.4GHz.
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Figure 1.2: Magnitude Spectrum of Example 1.1

In the preceding example, interestingly we found that we could recover the
original signal even when the sampling frequency was not higher than the maxi-
mum frequency component of the signal. Have we violated Nyquist’s Theorem?
No. Actually, we found that Nyquist’s Theorem, which was originally stated
for baseband signals, must be revisited for bandpass signals. In order to un-
derstand this better, consider what happens to the sampled spectrum if the
sampling rate is slightly increased or decreased. Specifically, consider the spec-
trum of the sampled signal when the sampling rate is decreased from 2.0GHz
to fs = 1.85GHz as shown in Figure 1.4 (middle). Recalling that

Xs(f) =
1

Ts

∞∑

n=−∞
X (f − nfs) (1.27)

there exists one spectrum replica that corresponds to n = 0 whose position does
not change with the sampling frequency. However, we can see that the spec-
trum replica just above the desired (i.e., original) component moves slightly
down in frequency. Further, it is clear that as we continue to decrease the
sampling frequency this replica will eventually interfere with the original spec-
trum causing aliasing. Now, if we slightly increase the sampling frequency
from fs = 2GHz to fs = 2.15GHz the spectrum changes as shown in Figure
1.4 (bottom). Specifically, we can see that the replica slightly below the orig-
inal spectrum moves up in frequency. Clearly, as we continue to increase the
sampling frequency there will be a point at which we will experience aliasing.
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Figure 1.3: Spectrum of the Sampled Signal in Example 1.1 with fs = 5.6GHz

It can be shown that there is a specific range of sampling frequencies for this
scenario that will avoid aliasing. Namely

fc + B/2

n + 1
≤ fs ≤ fc − B/2

n
(1.28)

where n is some integer, in this case n = 1. Thus, with n = 1 we have a range
of sampling frequencies for which no aliasing occurs. However, this does not tell
us the absolute minimum sampling frequency since we can always allow more
than one replica of the spectrum to appear between the desired spectrum and
DC (i.e., we can allow n to be larger values). It can be shown that n cannot

exceed nmax = fc−B/2
2B . Thus, the minimum sampling frequency which avoids

aliasing can be shown to be

fs = 2B + 2B

(
fmax/B − ⌊fmax/B⌋

⌊fmax/B⌋

)
(1.29)

where ⌊x⌋ is the largest integer smaller than x. The sampling frequency as
a multiple of B is plotted in Figure 1.5. We can see that as the ratio of
the maximum frequency to the bandwidth increases, the minimum sampling
frequency approaches 2B.

Combining this result with the previous result for baseband signals, since
the maximum frequency of a baseband signal is also its bandwidth, B, we can
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Figure 1.4: Spectrum of Sampled Signal in Example 1.1 when fs = 2GHz (top),
1.85GHz (middle) and 2.15GHz (bottom)

state that the minimum sampling rate for any signal, baseband or bandpass, is
twice the signal bandwidth. However, for bandpass signals, we must be careful
when choosing the exact sampling frequency.

We can also understand the minimum sampling rate of bandpass signals by
considering the in-phase and quadrature representation of a bandpass signal
given in equation (1.1). Specifically, recall that zI(t) and zQ(t) are real base-
band signals with absolute bandwidth B = BT /2 where BT is the bandwidth
of the bandpass signal. Now, if we mix the signal down to baseband with both
in-phase and quadrature components, we can perfectly represent the in-phase
and quadrature components by samples taken at fs ≥ 2B. Since the bandpass
signal can always be reconstructed from the inphase and quadrature compo-
nents, we can completely represent the bandpass signal with samples taken at
fs ≥ 4B = 2BT .

1.5 Quantization

Quantization is the second step in the analog-to-digital process. Whereas sam-
pling converts a signal which is continuous in time to one which is discrete in
time, quantization converts a signal which is continuous in amplitude to one
which is discrete in amplitude. This is required simply because we cannot rep-
resent an infinite number of values with a finite number of digital words. Unlike
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the sampling process, quantization necessarily introduces distortion into the re-
sulting digital signal. Specifically, at each sampling instance there is some error
introduced

ei = x(ti) − fq {x(ti)} (1.30)

where fq {x} is the quantization function. If the input samples x(ti) are uni-
formly distributed (note that in general x(t) is not a deterministic function,
but rather a random process) and a uniform quantizer is used, the resulting
signal-to-noise ratio can be written as [1]

S

N
= M2 = 22n (1.31)

where M = 2n is the number of quantization levels, n is the number of bits per
sample used in the quantization process, S = E

{
x2(t)

}
is the average signal

power and N = E
{
e2
i

}
is the resulting average error power or noise power. In

dB, we have

S

N
(dB) = 10log10

(
22n
)

(1.32)

= 6.02n (1.33)
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Example 1.2 Consider an analog signal with bandwidth B=3.5kHz. The
signal is to be converted to a digital bit stream using a uniform quantizer.
Assuming that the analog signal is uniformly distributed, determine the
minimum bit rate required to obtain a quantization SNR of 70dB.

SOLUTION: The bit rate can be written as

Rb = nfs

where n is the number of quantization bits per sample. To obtain a quan-
tization SNR of 70dB or better we require

6.02n ≥ 70

n ≥ 70

6.02
= 11.6

Thus, nmin = 12. To avoid aliasing we require fs ≥ 2 ∗ 3.5kHz = 7ksps.
The minimum bit rate that achieves an SNR of 70dB is

Rb = 12bits/sample ∗ 7ksps

= 84kbps

1.6 Digital Modulation

1.6.1 Binary Modulation

Modulation is the process of converting data bits into symbols for transmis-
sion. Typically symbols are sinusoids of radio frequency (RF) with a specific
set of phases, amplitudes and/or frequencies. For example, one of the simplest
modulation schemes is what is referred to as on-off keying (OOK). This can
also be called binary amplitude shift keying (BASK). In this scheme we use the
mapping

b = 0 → s(t) = 0 0 ≤ t ≤ Ts

b = 1 → s(t) = Acos (ωct) 0 ≤ t ≤ Ts
(1.34)

where b is the information bit to be transmitted, s(t) is the transmit symbol, Ts

is the symbol duration and ωc is the carrier frequency in radians per second. In
other words, the amplitude of the sinusoid carries the information. An amplitude
of 0 represents a binary ’0’ and an amplitude of A represents a binary ’1’ and
thus this scheme is called Amplitude Shift Keying. Information can also be
encoded into the phase or frequency of a sinusoid. When the former is done, it
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is called Phase Shift Keying or PSK. In Binary PSK or BPSK, the mapping is

b = 0 → s(t) = Acos (ωct) 0 ≤ t ≤ Ts

b = 1 → s(t) = Acos (ωct + π) 0 ≤ t ≤ Ts
(1.35)

is used. In Frequency Shift Keying or FSK, the information is encoded in the
frequency of the sinusoid. For Binary FSK or BFSK we use the mapping

b = 0 → s(t) = Acos (ω1t) 0 ≤ t ≤ Ts

b = 1 → s(t) = Acos (ω2t) 0 ≤ t ≤ Ts
(1.36)

where ω1 and ω2 are typically chosen such that the two symbols are orthogonal
over a symbol period and are centered around the nominal carrier frequency ωc.

1.6.2 M-ary Modulation

The previous modulation schemes are known as binary modulation schemes
since there are only two symbols, one for each bit value. It is also possible
to map n bits per symbol. This is called M -ary modulation where there are
M = 2n different symbols3. For example, with M -PSK the modulation is still
contained in the phase of the sinusoid, but there are M different possible phase
values corresponding to M = 2n different groups of binary ’1’s and ’0’s. The M
symbols can be defined as

si(t) = Acos
(
ωct + (i − 1) 2π

M

)
0 ≤ t ≤ Ts (1.37)

where i = 1, 2, ...M . M -ary ASK and M -ary FSK are also possible where each
group of n = log2 M bits is mapped to one of M symbols each with a different
amplitude or frequency respectively.

1.6.3 Power Spectral Density

Of primary importance in digital modulation are the spectral properties of the
transmitted signal. In this section we examine the power spectral density (PSD)
of digitally modulated signals. The power spectral density of a bandpass signal
x(t) can be determined from the PSD of the corresponding complex baseband
signal x̃(t) given in (1.5) as

Pbp (f) =
1

4
Px (−f − fc) +

1

4
Px (f + fc) (1.38)

where Px(f) is the power spectral density of the complex baseband. Now, the
PSD of the baseband equivalent can be written as [1]

Px (f) = lim
T→∞

(
|XT (f)|2

T

)
(1.39)

3Please note that the number of symbols (and the corresponding number of bits per symbol)
is independent of the number of quantization levels (and corresponding number of bits per
sample) in the quantization process.
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where

XT (f) =

∫ T/2

−T/2

x̃ (t) e−j2πftdt (1.40)

and x is the ensemble average of the random variable x. The baseband equiv-
alent of linearly modulated bandpass signals can be written as

x̃ (t) =

∞∑

n=−∞
anf (t − nTs) (1.41)

where an represents the data modulation (possibly complex) and f (t) is the
pulse shape used. Thus, XT (f) can be written as

XT (f) =

∫ T/2

−T/2

∞∑

n=−∞
anf (t − nTs) e−j2πftdt

=
N∑

n=−N

an

∫ ∞

−∞
f (t − nTs) e−j2πftdt (1.42)

where T = (2N + 1) Ts. Now the inner integral is simply the Fourier Transform
of the delayed pulse shape. Thus,

XT (f) =

N∑

n=−N

anF (f) e−j2πfTs

= F (f)

N∑

n=−N

ane−j2πfTs (1.43)

Now, returning to our definition of the PSD:

Px (f) = lim
N→∞




∣∣∣F (f)
∑N

n=−N ane−j2πfnTs

∣∣∣
2

(2N + 1)Ts




= |F (f)|2 lim
N→∞

(
1

(2N + 1)Ts

N∑

n=−N

N∑

m=−N

aname−j2πf(n−m)Ts

)

(1.44)

Now, defining the discrete auto-correlation function R (k) = anan+k, we
have
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Px (f) = |F (f)|2 lim
N→∞

(
1

(2N + 1) Ts

N∑

n=−N

N−n∑

k=−N−n

R (k) e−j2πfkTs

)

=
|F (f)|2

Ts
lim

N→∞

(
(2N + 1)

(2N + 1)

N∑

k=−N

R (k) e−j2πfkTs

)

=
|F (f)|2

Ts

∞∑

k=−∞
R (k) e−j2πfkTs (1.45)

Now, assuming that the data is uncorrelated, we have

R (k) =

{
σ2

a + m2
a k = 0

m2
a k 6= 0

(1.46)

where ma and σ2
a are the mean and variance of the data sequence. In this case

we can simplify the power spectral density as

Px (f) =
|F (f)|2

Ts

(
σ2

a + m2
a

∞∑

k=−∞
e−j2πfkTs

)
(1.47)

It is well known that an infinite sum of complex sinusoids is mathematically
equivalent to an infinite impulse train. That is

∞∑

k=−∞
e−j2πfkTs =

1

Ts

∞∑

k=−∞
δ

(
f − k

Ts

)
(1.48)

Thus, we have

Px (f) =
|F (f)|2

Ts

(
σ2

a + m2
a

∞∑

k=−∞
δ

(
f − k

Ts

))

=

(
σ2

a

Ts
|F (f)|2 +

m2
a

Ts

∞∑

k=−∞

∣∣∣∣F
(

k

Ts

)∣∣∣∣
2

δ

(
f − k

Ts

))
(1.49)

The spectrum clearly has two parts, a continuous portion that depends on
the pulse shape and a discrete component that arises due to the mean of the
data sequence. A common means of eliminating the discrete terms is to use
a zero mean data mapping (e.g., BPSK). The bandpass PSD Pbp(f) is then
determined from (1.38).

1.6.4 Pulse Shaping

As demonstrated in the previous section, the Fourier Transform of the pulse
shape dominates the power spectral density of linearly modulated digital band-
pass signals. If the symbols last over a single symbol period, we can think
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of each symbol as being a sinusoid with a particular amplitude, phase and fre-
quency multiplied by a square pulse of width Ts and centered at

(
i − 1

2

)
Ts. A

square pulse has a spectrum that is related to the sinc function. Because of the
slow decay of the sidelobes of the sinc function, other pulse shapes are often
used rather than a simple rectangular pulse. The optimal pulse shape is a sinc
function, since its spectral properties are related to a square pulse (i.e., it has
minimum bandwidth). However, since the sinc function has infinite duration
in both the positive and negative time directions, it is impossible to implement
in practice. A function which has good bandwidth properties and reasonable
implementation complexity is a truncated raised cosine pulse.

1.7 Optimum Receiver in AWGN

1.7.1 The Matched Filter

The received signal in digital communications receiver is corrupted by Addi-
tive White Gaussian Noise or AWGN. The PSD of AWGN is a constant of
(theoretically) infinite bandwidth. Consider a received signal

r (t) = x (t) + n (t) (1.50)

where x (t) is the transmit signal and n (t) is AWGN which is modeled as a
Gaussian random process with power spectral density

Pn (f) =
No

2

Theoretically, the bandwidth (and thus the power) of AWGN is infinite. Al-
though noise does not truly have infinite bandwidth, its bandwidth is sufficiently
larger than the bandwidth of the desired signal that the infinite bandwidth
model is reasonable. Thus, a crucial operation in any receiver is filtering which
limits the received signal bandwidth and thus the power of AWGN. Further,
the bandwidth of the filter used in the receiver has a direct impact on the per-
formance of the receiver. Clearly, we would like to filter the signal in such a way
that maximizes the desired signal power, while minimizing the noise power. In
other words, we wish to maximize the SNR at the output of the filter. To de-
termine the optimal filter (i.e., the filter which maximizes SNR) we will examine
the signal in the frequency domain. The desired signal in the frequency domain,
after filtering with a filter whose impulse response is h (t) can be written as

X̃ (f) = X (f) H (f) . (1.51)

where H(f) = F {h(t)} is the filter transfer function.

The noise power spectral density at the output of the filter can be written
as

Pñ (f) = Pn (f) |H (f)|2 . (1.52)
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Now, the output at the sampling instant T can be written using the inverse
Fourier Transform of (1.51):

x̃ (T ) =

∫ ∞

−∞
X̃ (f) ej2πfT df (1.53)

The noise power at the filter output can be calculated from the noise power
spectral density as

ñ2 (t) =

∫ ∞

−∞
Pñ (f) df (1.54)

=

∫ ∞

−∞
Pn (f) |H (f)|2 df. (1.55)

Note that the noise power does not depend on the sampling instant. The
SNR at the filter output at the sampling instant is then

(
S

N

)

out

=
|x̃ (T )|2

ñ2 (t)
(1.56)

Now we wish to find the filter H (f) that maximizes (S/N)out. First, let us
include the filter in equation (1.56):

(
S

N

)

out

=

∣∣∣
∫∞
−∞ X̃ (f) ej2πfT df

∣∣∣
2

∫∞
−∞ Pn (f) |H (f)|2 df

(1.57)

=

∣∣∣
∫∞
−∞ X (f) H (f) ej2πfT df

∣∣∣
2

∫∞
−∞ Pn (f) |H (f)|2 df

(1.58)

Now, in order to maximize this expression, we apply Schwarz’ Inequality
which states

∣∣∣∣
∫ ∞

−∞
A (f) B (f) df

∣∣∣∣
2

≤
∫ ∞

−∞
|A (f)|2 df

∫ ∞

−∞
|B (f)|2 df (1.59)

where the equality is reached when A (f) = KB∗ (f) for an arbitrary real con-
stant K and where ()

∗
is the conjugation operation. Now, using Schwarz’

inequality, if we let

A (f) = H (f)
√

Pn (f) (1.60)

B (f) =
X (f) ej2πfT

√
Pn (f)

(1.61)

then we can write
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(
S

N

)

out

≤
∫∞
−∞ |H (f)|2 Pn (f) df

∫∞
−∞

|X(f)|2
Pn(f) df

∫∞
−∞ |H (f)|2 Pn (f) df

(1.62)

≤
∫ ∞

−∞

|X (f)|2
Pn (f)

df (1.63)

Thus, we know that the output SNR is bounded by equation (1.63). Further,
we know that the maximum is reached when A (f) = KB∗ (f). That is the
SNR is maximized when

H (f)
√

Pn (f) = K
X∗ (f) e−j2πfT

√
Pn (f)

(1.64)

H (f) = K
X∗ (f)

Pn (f)
e−j2πfT (1.65)

The optimal filter (i.e., the one which maximizes SNR at the sampling in-
stant) is one whose frequency response is directly proportional to the desired
signal’s spectrum and inversely proportional to the noise power spectral density
and includes a delay equal to the symbol duration in order to maximize the
signal power at the sampling instant. The constant K is arbitrary and has no
effect on the filter’s performance as it will equally scale the desired signal and
the noise.

For the special and important case of white noise we have

H (f) = K
X∗ (f)

No/2
e−j2πfT

= C · X∗ (f) e−j2πfT (1.66)

Taking the inverse Fourier Transform

h (t) = C · x (T − t) (1.67)

Thus, for the case of white noise, the optimal filter is one which is matched to
the desired signal. In other words, the impulse response of the optimal filter is
a time-reversed version of the desired signal. Returning to equation (1.63), the
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SNR at the output of the matched filter with white noise is

(
S

N

)

max

=

∫ ∞

−∞

|X (f)|2
Pn (f)

df

=

∫ ∞

−∞

|X (f)|2
No/2

df

=
2

No

∫ ∞

−∞
|X (f)|2 df

=
2

No

∫ ∞

−∞
|x (t)|2 dt

=
2Es

No
(1.68)

where Es is the energy in the desired signal over one symbol. This is an
important result. It says that regardless of the signal, i.e., pulse shape, used
provided that a matched filter is employed at the receiver the signal-to-noise
ratio at the output is the same and is given by (1.68). Thus, we are free to choose
the pulse shape to minimize signal bandwidth since performance is not affected.

Example 1.3 Determine the matched filter for a signal employing a polar
non-return-to-zero line code with a square pulse when the noise is white.

SOLUTION: From equation (1.67) we know that the impulse response
of the matched filter is

h (t) = C · x (T − t) (1.69)

where in this case x (t) = Π (t/T ). An example plot of the received signal
before matched filtering (noiseless) is shown in Figure 1.6. The impulse
response of the matched filter is a square pulse. In other words the matched
filter is a square pulse sliding integrator and the output is shown in Figure
1.7 for the case where we choose C = 1/T . The output signal is clearly
more sensitive to timing error as can be seen. The reason that it improves
performance can be seen in Figure 1.8 which shows the energy spectral
densities of an example randomly modulated square pulse train (top) and
a sample function of AWGN (bottom). Since the matched filter has a
transfer function of

H (f) = T sinc (fT ) (1.70)

it is matched to the desired signal spectrum and all of the desired signal
energy will be captured, while the noise power will be reduced.
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Figure 1.6: Example of Received Signal with Square Pulses and Ideal Sampling
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Figure 1.7: Example of Matched Filter Output for Square Pulses from Figure
1.6
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Figure 1.8: Power Spectrum for Example Functions of Random Data Signal
(top) and AWGN (bottom)
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1.7.2 The Correlator Version of the Matched Filter

The output of the matched filter receiver can be written as

y (t) =

∫ t

−∞
r (τ) h (t − τ) dτ (1.71)

where h (t) is the impulse response of the matched filter. Now we have just
shown that the impulse response of the matched filter is matched to the pulse
shape, h (t) = x (T − t). Thus,

y (t) =

∫ t

0

r (τ) x (T − (t − τ)) dτ (1.72)

Now, the optimal sample point is at t = T. Thus, decision statistic is

y (T ) =

∫ T

0

r (τ) x (T − (T − τ)) dτ

=

∫ T

0

r (τ) x (τ) dτ (1.73)

The last line shows that the decision statistic of the optimal, i.e., matched, filter
is simply the output of a correlator which correlates the received signal with a
time synchronous version of the desired signal. That is, the optimal decision
metric can be calculated by correlating the received signal with the pulse shape
used over the symbol interval.

1.7.3 Detection and the Optimal Threshold

The previous sections detailed the optimal filter, that is the filter which maxi-
mizes the signal-to-noise ratio at its output at the sampling time. The optimal
detector is a decision device that estimates the transmitted symbol (or bit in
the binary case) using the matched filter output such that it minimizes the
probability of symbol error. For the binary case, let us define the output of
the matched filter due to the desired signal when symbol 1 is sent as sO1 and
the output when symbol 2 is sent as sO2. Further, in the case of AWGN, the
matched filter output y (T ) conditioned on symbol 1 being sent is a Gaussian
random variable with mean sO1 and variance σ2. The matched filter output
conditioned on symbol 2 being sent is also a Gaussian random variable with
mean sO2 and variance σ2. The probability of error can be written as

Pe = Pr {e |s1 }Pr {s1} + Pr {e |s2 }Pr {s2} (1.74)

where Pr {si}is the a priori probability of sending symbol si and Pr {e |si } is the
probability of error given that si is sent. Assuming that sO2 < sO1, decisions
are made at the detector based on some threshold VT such that

ŝi =

{
s2 y (T ) ≤ VT

s1 y (T ) > VT
(1.75)
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To determine the optimal threshold, i.e., the threshold which minimizes Pe, we
first must write the probability of error in terms of VT . Now, the probability of
error given that s1 is sent, is simply the probability that y (T ) ≤ VT given that
s1 is sent. Similarly, the probability of error given that s2 is sent, is simply
the probability that y (T ) > VT given that s2 is sent. That is, if we define
Z = y(T ),

Pe = Pr {s1}
∫ VT

−∞
fZ (z |s1 ) dz + Pr {s2}

∫ ∞

VT

fZ (z |s2 ) dz (1.76)

where fZ (z |si ) is the distribution of z conditioned on si being sent. To min-
imize the probability of error we take the derivative of Pe with respect to VT

and set it equal to zero

dPe

dVT
= 0

d

dVT

{
Pr {s1}

∫ VT

−∞
fZ (z |s1 ) dz + Pr {s2}

∫ ∞

VT

fZ (z |s2 ) dz

}
= 0

Now, the conditional distributions of z are Gaussian with mean values of
sO1 and sO2 when conditioned on s1 and s2 respectively. Thus, we have

d

dVT

{
Pr {s1}

∫ VT

−∞

1√
2πσ

e−
(z−sO1)

2

2σ2 dz . . .

+ Pr {s2}
∫ ∞

VT

1√
2πσ

e−
(z−sO2)

2

2σ2 dz

}
= 0

d

dVT

{
Pr {s1}

∫ ∞

−(VT −sO1)/σ

1√
2π

e−
λ2

2 dλ + . . .

Pr {s2}
∫ ∞

(VT −sO2)/σ

1√
2π

e−
λ2

2 dλdz

}
= 0

where we have made the substitutions λ = − (z − sO1) /σ and λ = (z − sO2) /σ
in the first and second terms respectively in the second line. Now, using Leibniz’
Rule to evaluate the derivative of the integral (note that the variable which the
derivative is being taken with respect to is in the limits of integration):

Pr {s1}
1√
2πσ

e−
(VT −sO1)

2

2σ2 − Pr {s2}
1√
2πσ

e−
(VT −sO2)

2

2σ2 = 0

Pr {s1}
1√
2πσ

e−
(VT −sO1)

2

2σ2 = Pr {s2}
1√
2πσ

e−
(VT −sO2)

2

2σ2
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Taking the natural log:

ln (Pr {s1} /Pr {s2}) = − (VT − sO2)
2

2σ2
+

(VT − sO1)
2

2σ2

ln (Pr {s1} /Pr {s2}) =
2VT sO2 − s2

O2 − 2VT sO1 + s2
O1

2σ2

VT =
2σ2 ln (Pr {s1} /Pr {s2}) + s2

O2 − s2
O1

2 (sO2 − sO1)
(1.77)

Now, equation (1.77) provides the optimal threshold in the general case
for AWGN signaling. For equally likely symbols, Pr {s1} = Pr {s2} and the
threshold is

VT =
2σ2 ln (1) + s2

O2 − s2
O1

2 (sO2 − sO1)

=
s2

O2 − s2
O1

2 (sO2 − sO1)

=
sO1 + sO2

2
(1.78)

Further, if antipodal signaling is used (along with equally likely symbols), we
have sO1 = −sO2 and

VT =
sO1 − sO1

2
= 0
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Example 1.4 Determine the optimal threshold for antipodal signaling
when Pr {s2} = 4Pr {s1}.

SOLUTION: From equation (1.77) we know that the optimal threshold
can be written as.

VT =
2σ2 ln (Pr {s1} /Pr {s2}) + s2

O2 − s2
O1

2 (sO2 − sO1)
(1.79)

For antipodal signaling sO2 = −sO1, thus:

VT =
2σ2 ln (Pr {s1} /Pr {s2}) + s2

O2 − s2
O2

2 (sO2 + sO2)

=
σ2 ln (Pr {s1} /Pr {s2})

2sO2

=
σ2 ln (4)

2sO2
(1.80)

Now for the matched filter we have σ2 = No/2 and sO2 = −
√

Eb. Thus,

VT = −No ln (4)

4
√

Eb

(1.81)

If the noise power (relative to the desired signal energy) increases, we can see
that the threshold is biased more and more negative (i.e., toward the a priori
more probable symbol s2). This is illustrated in Figure 1.9. However, if
Pr {(s2} < Pr {s1}, the natural log evaluates to a negative number and the
threshold is positive (i.e., biased toward s1 which is now more probable.).
Thus, if the symbols are not equally likely, the optimal decision boundary
is biased toward the more probable symbol. This bias is more pronounced
for higher noise power since our observations are less reliable. On the
other hand, if the noise power is very low, the a priori probabilities are less
relevant since the observations are more reliable.
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1.4
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1.7.4 BER of the Matched Filter with Optimal Detection

Now that we have determined the optimal filter which maximizes SNR and the
optimal detector, we are in a position to determine the performance of this
optimized receiver. Using (1.76) and again assuming AWGN, the probability
of error can be written as

Pe = Pr {s1}
∫ VT

−∞

1√
2πσ

e−
(z−sO1)

2

2σ2 dz+Pr {s2}
∫ ∞

VT

1√
2πσ

e−
(z−sO2)

2

2σ2 dz (1.82)

Assuming equally likely symbols and using the optimal threshold, we can
express the probability of error as

Pe =
1

2

∫ sO1+sO2
2

−∞

1√
2πσ

e−
(z−sO1)

2

2σ2 dz +
1

2

∫ ∞

sO1+sO2
2

1√
2πσ

e−
(z−sO2)

2

2σ2 dz (1.83)

Making the substitutions λ = − (z − sO1) /σ and λ = (z − sO2) /σ in the first
and second terms respectively results in

Pe =
1

2

∫ ∞

sO1−sO2
2σ

1√
2π

e−
λ2

2 dz +
1

2

∫ ∞

sO1−sO2
2σ

1√
2π

e−
λ2

2 dz

= Q

(
sO1 − sO2

2σ

)

= Q




√
(sO1 − sO2)

2

4σ2


 (1.84)

Now, examining the numerator inside the radical of (1.84) and assuming a
matched filter receiver:

(sO1 − sO2)
2

=

(∫ T

0

s1 (t) x (t) dt −
∫ T

0

s2 (t)x (t) dt

)2

=

(∫ T

0

(s1 (t) − s2 (t))x (t) dt

)2

= Ed (1.85)

where Ed is termed the difference energy and is simply the desired signal power
at the output of a filter matched to the difference between symbols s1 and s2.

The term (sO1−sO2)
2

σ2 is simply the signal to noise ratio at the output of the filter
matched to the difference signal s1 (t) − s2 (t). However, from (1.68) we know
that the SNR at the output of the matched filter is

(sO1 − sO2)
2

σ2
=

2Ed

No
(1.86)
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Thus, we can rewrite the probability of symbol error as

Pe = Q

(√
Ed

2No

)
(1.87)

Now that we have the probability of bit error for the general binary case, we
can derive the performance of specific signaling formats. As a first example,
consider unipolar NRZ signaling. In this case

s1 (t) = Ax (t) 0 ≤ t ≤ T
s2 (t) = 0 0 ≤ t ≤ T

(1.88)

Thus, Ed is calculated as

Ed =

∫ T

0

A2x2 (t) dt

= A2 (1.89)

assuming a unit energy pulse. Now the average energy per symbol, Es, with
this format is

Es =
1

2

(
A2 + 0

)

=
A2

2

=
Ed

2
(1.90)

Thus, we have for unipolar NRZ signaling:

Pe = Q

(√
Es

No

)
(1.91)

For polar NRZ signaling, the transmit signals are

s1 (t) = Ax (t) 0 ≤ t ≤ T (1.92)

s2 (t) = −Ax (t) 0 ≤ t ≤ T (1.93)

Thus, the difference energy is calculated as

Ed =

∫ T

0

(Ax (t) − Ax (t))
2
dt

= 4A2 (1.94)

while Es = A2. Thus,

Pe = Q

(√
2Es

No

)
(1.95)
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Example 1.5 Compare the performance of three filters for use with a
square-pulse NRZ line-code: (a) low-pass filter with a noise equivalent
bandwidth of 5Rs, (b) a low-pass filter with noise-equivalent bandwidth
of Rs, and (c) a matched filter.
SOLUTION: The energy spectral density (ESD) of a sample function
(without noise) and a sampling rate of 20Rs is shown in Figure 1.10 (top-
left). The ESD of a received sample function including white noise at an
Eb/No of 10dB is shown in Figure 1.10 (top-right). The noise ESD is
approximately flat, while the desired signal has an ESD that follows a sinc
function. A filter with a bandwidth of 5Rs was applied to the received
signal first. The resulting ESD is shown in Figure 1.10 (bottom-left). It
is evident that a majority of the desired signal is maintained along with a
large amount of noise. This can also be seen in the time domain in Figure
1.11 which shows the transmit signal (top), desired portion of the received
signal (middle), and the entire received signal (bottom). Comparing the
top and middle curves, we can see that the large bandwidth of the receive
filter allows the desired signal to pass with very little distortion. However,
from the bottom plot it is obvious that the filter passes considerable noise
power. This can be compared to Figure 1.10 (bottom-right) and Figure
1.12 which plots the frequency and time domain received signal for a low-
pass filter with a bandwidth of Rs. From the frequency domain plot in
Figure 1.10 (bottom-right) we can see that substantially less noise power is
permitted to pass to the detector, but a substantial amount of the desired
signal is also lost. The plot in Figure 1.12 (middle) demonstrates that
the desired signal is heavily distorted and inter-symbol interference is intro-
duced. However, the reduced noise power can also be seen by comparing
Figure 1.12 (middle) to Figure 1.12 (top). The strong correlation between
the two plots emphasizes that less noise is permitted as compared to the
first filter.
The matched filter is demonstrated in the time domain in Figure 1.13.
The filter has a transfer function that is matched to the energy spectral
density shown in Figure 1.10 (top-left). The time-domain plots show that
(a) there is no inter-symbol interference introduced at the proper sampling
instances and (b) relatively little noise is passed. The first point can
be seen from Figure 1.13 (middle) where the desired signal at the output
of the filter exactly equals the data value (±1) at the proper sampling
instances. Comparing 1.13 (middle) to 1.13 (bottom) we can also see that
little noise is present as compared to the previous filters. Finally, the
simulated Bit Error Rate (BER) performance is plotted in Figure 1.14 for
each of the three filters. The highest bandwidth filter (labeled as ’low
distortion’ since it passes the desired signal with little distortion) provides
the worst performance due to the low resulting SNR. The lower bandwidth
filter has improved SNR but also introduces ISI. The two factors result in
performance which is roughly 3dB worse than the matched filter which
maximizes SNR and avoids ISI.
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Figure 1.10: Energy Spectral Densities for Sample Waveforms for Example 1.5
Transmit Signal (top-left), Received Signal (top-right), Received Signal after
Filtering with First Filter (bottom-left), Received Signal after Filtering with
Second Filter (bottom-right)
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Figure 1.11: Example Time Domain Waveform for Modulated Square Pulse
(Polar NRZ Line-Code) assumed in Example 1.5- Top: Original transmitted
signal; Middle: Desired portion of the received signal after filtering; Bottom:
Entire received signal (including noise) after filtering.
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Figure 1.12: Example Time Domain Waveform for Transmitted and Received
Square Pulse (Polar NRZ Line-Code, filter BW = Rs) from Example 1.5 - Top:
Original transmitted signal; Middle: Desired portion of the received signal after
filtering; Bottom: Entire received signal (including noise) after filtering
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Figure 1.13: Example Time Domain Waveform for Transmitted and Received
Square Pulse (Polar NRZ Line-Code, matched filter) from Example 1.5 - Top:
Original transmitted signal; Middle: Desired portion of the received signal after
filtering; Bottom: Entire received signal (including noise) after filtering.
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Figure 1.14: Simulated Bit Error Rate Performance for Three Filters with
Square Pulse Transmit Signal from Example 1.5



34 CHAPTER 1. DIGITAL COMMUNICATIONS

1.7.5 Performance of General Binary Modulation

Let us now consider a generic binary modulation scheme with two symbols s1(t)
and s2(t). Any M -ary modulation scheme can be represented by K ≤ M basis
functions [1]. The receiver then consists of a bank of K filters matched to the
K basis functions. For general binary modulation, since there are two symbols,
we can completely represent the two symbols with at most two basis functions
φ1(t) and φ2(t) where by definition

∫ Ts

0

φ2
1(t)dt =

∫ Ts

0

φ2
2(t)dt = 1 (1.96)

and ∫ Ts

0

φ1φ2(t)dt = 0 (1.97)

The two signals can be represented as

s1(t) = s11φ1(t) + s12φ2(t)

s2(t) = s21φ1(t) + s22φ2(t) (1.98)

where

sij =

∫ T

0

si(t)φj(t)dt (1.99)

Now since we can choose the first basis function arbitrarily, let’s choose

φ1(t) =
1√
E1

s1(t) (1.100)

where E1 is the energy in symbol 1. Once the basis functions are defined, a
signal space plot (sometimes termed a constellation diagram) can be drawn
which represents the symbols in k -dimensional space (k is the number of basis
function which is two in this example). An example constellation diagram is
plotted in Figure 1.15 for arbitrary s1(t) and s2(t).

Assume that the received signal is r(t) = s(t) + n(t) where n(t) is additive
white Gaussian noise with power spectral density PN (f) = No

2 . We wish to
examine the receiver which minimizes the probability of symbol error.

The optimum (maximum SNR) receiver is one which correlates the received
signal with the two basis functions (or a matched filter receiver). The outputs
of the two correlators can be represented in vector form as

z = si + n (1.101)

where the vectors are of length two corresponding to the outputs of the two
correlators. Now the maximum likelihood receiver is the one which maximizes
the a posteriori probability. That is

ŝ = max
s

P (s |z ) (1.102)
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Figure 1.15: Distances for Constellation Diagram for Arbitrary Binary Modu-
lation Scheme

In general, the a posteriori probability is difficult to calculate. However, using
Bayes Theorem

P (s |z ) =
P (z |s ) P (s)

P (z)
(1.103)

Now, since P (z) is constant regardless of the choice of s, we can write

ŝ = max
s

(P (z |s ) P (s)) (1.104)

Further, if the symbols are all equally likely:

ŝ = max
s

P (z |s ) (1.105)

Now, since the noise n is a vector of uncorrelated Gaussian noise samples we
can write

P (z |si ) =
1

2πσ2
e−

(z1−si1)2

2σ2 e−
(z2−si2)2

2σ2 (1.106)

where z1 and z2 are the two correlator outputs and σ is the standard deviation of
the Gaussian noise in each dimension of the received signal. Further, from the
above equation we can see that maximizing P (z |si ) is equivalent to minimizing

(z1 − si1)
2

+ (z2 − si2)
2

which is equivalent to choosing the symbol which is
closest to the received vector z.

Now an error will occur if the noise vector projected onto the line con-
necting the two symbols is greater than one half the distance between the two
symbols (see Figure 1.16) or in other words if the received signal is closer in
two-dimsional space to the symbol that was not sent. The noise projected onto
the line connecting the two symbols is

ν = n1cos (θ) + n2sin (θ) (1.107)
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Figure 1.16: Distance Properties for Arbitrary Binary Modulation Scheme

where θ is the angle between the line connecting the two symbols and the x-axis
as is shown in Figure 1.16. Further, the distance between the two symbols is

d =
√

(s11 − s21)2 + (s22)2 (1.108)

Now, n1 and n2 are zero mean Gaussian random variables (since they are the
outputs of linear filters with Gaussian inputs). The variance of the noise terms
is

E
{
n2

1

}
= E

{
n2

2

}
= E

{∫ T

0

∫ T

0

n(t)φ1(t)n(τ)φ1(τ)dtdτ

}

=

∫ T

0

E
{
n2(t)

}
φ2

1 (t) dt

=
No

2
(1.109)

where we have used the fact that the basis functions have unit energy. Thus,
we can easily show that

E
{
ν2
}

=
No

2

1

2
+

No

2

1

2
=

No

2
(1.110)

Thus, the probability of error can be found as

Pe = P

{
ν >

d

2

}

=

∫ ∞

d/2

1√
2π
√

No/2
e−x2/Nodx (1.111)
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Making the substitution y =
√

2/Nox

Pe =

∫ ∞

√
2/Nod/2

1√
2π

e−y2/2dy

= Q



√

d2

2No


 (1.112)

where Q (x) =
∫∞

x
1√
2π

e−y2/2dy is the standard Q-function. Now, from Figure

1.16 we have

d2 = (s11 − s21)
2 + (s22)

2

= s2
11 − 2s11s21 + s2

21 + s2
22

= E1 + E2 − 2s11s21

= E1 + E2 − 2
√

E1

∫ T

0

s2(t)φ1(t)dt

= E1 + E2 − 2

∫ T

0

s2(t)s1(t)dt

= E1 + E2 − 2ρ12 (1.113)

where ρ12 is the correlation between s1(t) and s2(t). Substituting we have

Pe = Q

(√
E1 + E2 − 2ρ12

2No

)

= Q

(√
Eb − ρ12

No

)
(1.114)

where Eb is the average energy per bit (which is the same as the average energy
per symbol). Now, let’s examine a few specific examples of binary modulation.
If the modulation scheme is BPSK, there is a single basis function and s1(t) =
−s2(t). Thus, E1 = E2 = Eb and ρ12 = −Eb. Thus,

PBPSK
e = Q

(√
2Eb

No

)
(1.115)

If the modulation scheme is BFSK, the two symbols are orthogonal, E1 = E2 =
Eb and thus ρ12 = 0 and

PBFSK
e = Q

(√
Eb

No

)
(1.116)

If the modulation scheme is BASK, ρ12 = 0 and

PBASK
e = Q

(√
Eb

No

)
(1.117)
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From equation (1.114) we can see that the minimum probability of error occurs
when the signals are antipodal (ρ12 = −Eb). Thus, BPSK provides the minimum
probability of error for binary modulation.

1.7.6 Non-coherent Demodulation

The performance of the modulation schemes considered so far assume that a
coherent reference is available at the receiver. While all of the modulation
schemes considered can be demodulated coherently, it is very often more prac-
tical to build non-coherent receivers. FSK and ASK easily allow envelope
detection which doesn’t require a coherent reference. Further, PSK allows for
differential encoding and detection. In Differential PSK (DPSK) the change in
phase represents the data. A receiver does not need a coherent reference since
it must only compare the current signal phase with the previous signal phase.
The benefit of such schemes is that they allow for much simpler (and thus inex-
pensive) receivers. The downside is that they provide inferior performance. It
can be shown that the performance of binary DPSK can be approximated by
[1]

Pb ≈
1

2
e−

Eb
No (1.118)

Similarly, the performance of non-coherent BASK and BFSK can be approxi-
mated by [1]

Pb ≈
1

2
e−

1
2

Eb
No (1.119)

A comparison of coherent BPSK and BFSK with non-coherent BFSK and binary
DPSK is plotted in Figure 1.17. As we can see, non-coherent demodulation costs
the system approximately 1dB in performance at high SNR with larger losses
experienced at lower Eb/No values.

1.7.7 M-ary Modulation

The probability of error for M -ary modulation schemes can be found in a similar
manner to binary modulation by using the Union Bound [1]. The Union Bound
says that the probability of the union of several events is less than or equal to
the sum of the individual event probabilities. We can use this in determining
the probability of symbol error for M -ary modulation symbols by bounding the
error probability by the sum of the individual pair-wise error probabilities:

Pr { ŝ 6= si| s = si} ≤
∑

j 6=i

Pr { ŝ = sj | s = si} (1.120)

Using this approximation we can bound the probability of symbol error for
MPSK using the error probability given above for binary modulation. Addi-
tionally, it can be shown that the above bound is dominated by the pairwise
error probability Pr { ŝ = sj | s = si} corresponding to the two nearest symbols.
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Figure 1.17: Comparison of the Performance of Coherent and Non-coherent (or
differentially coherent) Reception

Specifically, by realizing that each symbol has two adjacent neighbors and not-
ing that the distance between symbols is d = 2

√
Essin (π/M), we can write the

probability of symbol error using the Union Bound as

Ps ≤ 2Q

(√
2Eb

No
log2 M

{
sin
( π

M

)})
(1.121)

Similarly, the probability of error for MFSK can be found (using the fact that
the constellation shows M − 1 nearest neighbors) as

Ps ≤ (M − 1)Q

(√
Eb

No
log2 M

)
(1.122)

The probability of symbol error for QAM constellations (when the constel-
lation is square) can be shown to be [1]

Ps = 1 −
(

1 − 2

(
1 − 1√

M

)
Q

(√
3 log2 M

M − 1

Eb

No

))2

(1.123)

1.8 Bandwidth Efficiency and Energy Efficiency

The two main characteristics of modulation schemes that need to be considered
by the communications engineer are bandwidth efficiency and energy efficiency.
Bandwidth efficiency can be defined as the bit rate per bandwidth or bits/sec/Hz
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for some definition of bandwidth. First let us consider two-dimensional mod-
ulation schemes such as PSK, ASK, and QAM. In these modulation schemes,
there are only two dimensions (i.e., two basis functions). If square pulses are
used, the first null-to-null bandwidth is an appropriate bandwidth measure and
is

B = 2Rs (1.124)

where Rs is the symbol rate and is related to the bit rate by Rs = Rb

log2 M . Thus,

the bandwidth efficiency in terms of null-to-null bandwidth can be written as

ηbw =
Rb

B

=
Rb

2Rs

=
log2 (M)Rb

2Rb

=
log2 (M)

2
(1.125)

Thus, we have

ηbw = log2(M)
2 MPSK,MQAM,MASK (1.126)

If optimal pulse shaping is used, i.e., sinc pulses, then bandwidth efficiency is (in
terms of absolute bandwidth) ηbw = log2 (M). Thus, for schemes with a fixed
number of dimensions, bandwidth efficiency increases with M . Conversely, for
orthogonal modulation schemes (e.g., MFSK) bandwidth efficiency decreases
with M . This is due to the fact that orthogonal modulation schemes require an
additional dimension for each additional symbol. The null-to-null bandwidth for
MFSK depends on whether or not phase synchronous carriers are used for each
symbol. In the best case (phase synchronous carriers) the minimum frequency
separation is ∆f = 1

2Ts
where Ts is the symbol duration. Since there are M − 1

intervals and Rs Hz on either end (assuming square pulses), the null-to-null
bandwidth is approximately

B =
(M − 1) Rs

2
+ Rs (1.127)

Since Rs = Rb

log2 M ,

ηbw = 2 log2(M)
M+1 MFSK (1.128)

Thus, while for PSK, QAM and ASK bandwidth efficiency increases with M ,
the opposite is true for orthogonal (or bi-orthogonal) signals. Note that these
trends are true regardless of pulse shape. However, changing the pulse shape
for a given modulation scheme can improve the bandwidth efficiency. Since
with a matched filter receiver, there is no performance penalty for changing
pulse shape, it makes sense to use the most bandwidth efficient pulse possible
(limited by implementation complexity).
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Energy efficiency is typically defined as the value of Eb

No
required to obtain

a specified probability of bit error. The probability of symbol error for MPSK,
QAM and MFSK are given in equations (1.121), (1.123) and (1.122) respec-
tively. For MPSK and QAM the probability of bit error can be found by
assuming the use of Gray coding. Gray coding maps bits to symbols such that
adjacent symbols differ by one bit only. Since the symbol error probability is
dominated by the nearest neighbors, the probability of bit error, Pb, can be
approximated as

Pb ≈
Ps

M
(1.129)

since one of M bits will be in error for each symbol error. Since in FSK all
symbols are nearest neighbors, all bit error patterns are equally likely and thus
Pb = Ps

M
2(M−1) ≈ Ps

2 . Using these relationships and the probability of symbol

error expressions from equations (1.121) and (1.122), we can see that for PSK
(and for ASK and QAM) the probability of symbol error increases with M .
This is due to the fact that the symbols move closer together as we increase
M since the number of dimensions in the symbol space is fixed. FSK on the
other hand behaves in an opposite manner. Energy efficiency improves with M
which may seem counter-intuitive at first glance. As M increases, the distances
between symbols remains constant in terms of the energy per symbol, although
the number of nearest neighbors increases. This increases the probability of
symbol error directly with M . However, since the number bits per symbol
increases, the distance between symbols in terms of Eb increases with log2 M
and thus the argument inside the Q-function increases with log2 M . The net
result is that probability of bit error improves with M , thus improving energy
efficiency. A comparison of MPSK and MFSK is plotted in Figure 1.18 and
summarized in Table 1.1 for various values of M . Note that (a) QAM provides
better energy efficiency than PSK for the same bandwidth efficiency, and (b)
the performance of FSK assumes coherent reception and is also applicable to
any M -ary orthogonal modulation scheme. Further MFSK provides a means
for improving energy efficiency beyond the performance of BPSK, but requires
substantial bandwidth cost.

1.9 Capacity

In the previous section we found that there is a trade-off between energy effi-
ciency and bandwidth efficiency. This raises the question: What is the optimal
trade-off between energy and bandwidth? Claude Shannon in his classic paper
[10] showed that error-free communication is possible in an AWGN channel pro-
vided that the signaling rate does not exceed a certain rate termed the channel
capacity. The channel capacity is dependent on the channel bandwidth and the
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Figure 1.18: Performance of MPSK, QAM, and MFSK in AWGN with Coherent
Reception

signal-to-noise ratio:

C = B log2

(
1 +

S

N

)
(1.130)

= B log2

(
1 +

S

NoB

)
(1.131)

This provides us with the optimal relationship between energy efficiency and
bandwidth efficiency. Specifically, the spectral efficiency can be related to the
Eb/No required to achieve that spectral efficiency:

C

B
= log2

(
1 +

C

B

Eb

No

)
(1.132)

This relationship now tells us the best spectral efficiency achievable at a
particular Eb/No, or equivalently the lowest value of Eb/No required for good
performance at a specified spectral efficiency. Is there a lower limit on the
required Eb/No for any spectral efficiency or can we achieve some rate regardless
of how low our Eb/No is? We will examine this in the next example.



1.9. CAPACITY 43

Table 1.1: Comparison of Modulation Schemes
Modulation Energy Efficiency BW Efficiency

Scheme (Eb/No for Pb = 10−5) (b/s/Hz)

BPSK 9.5dB 0.5
QPSK 9.5dB 1
8-PSK 13dB 1.5
16-PSK 17.5dB 2

BFSK 12.5dB 0.4
4-FSK 10dB 0.57
8-FSK 8.25dB 0.55
16-FSK 7.25dB 0.42

4-QAM 9.5dB 2
16-QAM 13.5dB 2.5
64-QAM 17.75dB 3

Example 1.6 Determine the minimum value of Eb/No that will achieve
capacity. At what bandwidth efficiency is this achieved?

SOLUTION: Solving (1.132) for Eb/No we have

Eb

No
=

2C/B − 1

C/B
(1.133)

which says that Eb/No increases exponentially with C/B. Thus, the min-
imum value of Eb/No can be found by letting C/B approach zero:

(
Eb

No

)

min

= lim
C/B→0

2C/B − 1

C/B
(1.134)

= ln(2) (1.135)

Thus, the minimum value of Eb

No
that achieves capacity is ln(2) = 0.64 or

-1.6dB. However, this occurs as the bandwidth efficiency C/B approaches
zero.
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Example 1.7 We showed previously that MFSK was one means of im-
proving energy efficiency. What is the best energy efficiency achievable
by MFSK and at what spectral efficiency is it achieved ? How does this
compare to capacity?

SOLUTION: The performance of MFSK was stated previously as

Ps ≤ (M − 1)Q

(√
Eb

No
log2 M

)
(1.136)

which can be upper bounded as

Ps ≤ (M − 1)Q

(√
Eb

No
log2 M

)
< 2e−

1
2

Eb
No

log2 M = e
− log2 M

(√
Eb
No

−
√

ln 2

)2

(1.137)
Thus, the probability of error for MFSK will approach zero as M → ∞
provided that Eb

No
> ln 2 = 0.69. Thus, we see that MFSK approaches

capacity as M → ∞ but unfortunately, this is at vanishingly small spectral
efficiency.

As demonstrated by the previous example, modulation can achieve capacity
at extremely low spectral efficiencies. A more complete comparison between
modulation and capacity is shown in Figure 1.19. Specifically, the figure plots
the spectral efficiency (assuming ideal pulse shaping) versus the Eb/No required
to achieve a bit error rate of 10−4. From the plot we can see that for spectral
efficiencies greater than 1.0 b/s/Hz, modulation alone does not come within 8dB
of capacity. However, as spectral efficiency decreases, modulation does approach
capacity. In fact, at a spectral efficiency of 0.1 b/s/Hz M -ary orthogonal
signaling (e.g., MFSK) comes within 4dB of capacity. The previous example
showed that as we let spectral efficiency approach zero, the energy efficiency of
MFSK will approach capacity (i.e., -1.6dB).

1.10 Coding

As stated in the previous section modulation approaches capacity only at low
values of spectral efficiency. This is due to the fact that modulation does
not use the dimensionality of the transmitted signal effectively. Coding is a
technique which improves the distance properties of a transmit signal without
large increases in the dimensionality (i.e., the bandwidth) of the signal. This
is achieved by introducing memory. Specifically, coding is achieved by either
(a) mapping k information bits to n coded bits (block codes) or (b) by passing
the information sequence through a finite state machine which maps bits to a
sequence of coded bits (convolutional codes). In this brief review of digital
communications, we will not go into the details of coding techniques. However,
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Figure 1.19: Spectral and Energy Efficiency of Modulation Schemes Compared
to Capacity

the interested reader is referred to one of many excellent coding texts [1, 11].
Figure 1.20 plots the spectral efficiency (assuming ideal pulse shaping) versus
the Eb/No required to achieve a bit error rate of 10−4 for various modulation
schemes when combined with convolutional codes with different rates. We can
see that the use of coding allows communication signals to more closely approach
capacity. Specifically, the combination of coding and modulation comes within
4dB of capacity at much better spectral efficiencies than modulation alone (e.g.,
1-4 b/s/Hz).

1.11 Fading Channels

The final review topic that we will discuss in this brief review of digital commu-
nications is multipath fading or the fading channel. One type of channel that
is well suited to spread spectrum is the fading channel. In order to understand
the benefits afforded by spreading spectrum in fading channels, we must first
review the principles behind multipath channels in general. By modeling the
channel as a time-varying linear system, the received signal r(t) can be written
as [5][12]

r(t) = s(t) ⊗ h (t, τ) + n(t) (1.138)

=

∫ ∞

−∞
s (t − τ) h (t, τ) dτ + n(t) (1.139)
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Figure 1.20: Spectral Efficiency versus Eb/No Required to Achieve a Bit Error
Rate of 10−4 for Various Combinations of Modulation and Convolutional Coding
Techniques

where s(t) is the transmit waveform, n(t) is AWGN and h(t, τ) is the time-
varying impulse response of the channel. The channel impulse response is typi-
cally modeled as a series of impulses as shown in Figure 1.21 where t represents
time and τ represents delay.

Multipath fading results when two multipath components arrive with a rel-
ative time offset that is much smaller than a symbol interval (i.e., the two paths
are non-resolvable) but large relative to a single cycle of the carrier frequency.
For example, if the symbol rate is 1Mbps and the carrier frequency is 2GHz, a
relative time offset between two multipath components of 1.25ns is insignificant
relative to the symbol duration of 1µs but corresponds to a phase difference of
7.9 radians. As a result, when non-resolvable multipath components combine
non-coherently, they have the potential of annihilating each other as shown in
Figure 1.22. The plot shows the envelope of signal with two multipath com-
ponents as the delay increases as a fraction of the carrier frequency in radians.
When the delay is 1

2fc
the two path are opposite in phase and thus cancel each

other resulting in a deep fade. In a mobile scenario, the relative delays will
change with time causing the signal to go in and out of fades.

The mobile’s movement also causes a second, related phenomenon known
as Doppler shift. As shown in Figure 1.23, due to the mobile unit’s move-
ment (whether it is the transmitter or the receiver), each multipath component
undergoes a (potentially different) phase shift. Specifically, for a mobile unit
traveling at velocity v at an angle φ relative to the incoming signal (in the
azimuthal plane), the phase change over ∆t seconds is
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Figure 1.21: Time-Varying Impulse Response of the Multipath Channel

∆θ =
2π

λ
dcos (φ)

=
2π

λ
v∆tcos (φ)

where λ is the carrier wavelength and d is the distance traveled in ∆t seconds.
Due to this phase shift over ∆t seconds, the signal experiences a frequency shift
of

fd =
1

2π

∆θ

∆t

=
v

λ
cos (φ)

and we call this frequency shift a Doppler shift. If there is a large number of
unresolvable multipath components arriving at the mobile from all directions
as shown in Figure 1.24, the signal will experience a large number of Doppler
shifts, each corresponding to a different multipath component. This results in
a Doppler spread which can be seen by examining the Doppler spectrum of the
channel. The resulting signal will fade randomly over time as shown in Figure
1.25. The complex baseband channel representation of such a channel can be
written as

h (t, τ) =

√
1

N

N∑

i=1

ej(2πfit+θi)δ (τ − τi)
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Figure 1.22: Envelope Fading Due to Two Path Channel

where fi ,θiand τi are the Doppler shift, phase shift, and relative delay associated
with the ith multipath. Provided that the differences between the delays are
very small as compared to the symbol duration (what is called flat fading), the
paths all appear to arrive simultaneously and we can model the channel impulse
response as

h (t, τ) =

√
1

N

{
N∑

i=1

ej(2πfit+θi)

}
δ (τ) (1.140)

The resulting received complex baseband signal can then be modeled as

r(t) = h(t, τ) ⊗ s(t)

= γ(t)s(t)

where

γ(t) =

√
1

N

{
N∑

i=1

ej(2πfit+θi)

}
(1.141)

is modeled as a complex Gaussian random process (due to the sum of a large
number of complex exponentials) and represents multiplicative distortion. Note

that the average value of |γ(t)|2 is unity, as can be seen from (1.141). An ex-
ample received signal envelope is shown in 1.25. Assuming that the multipath



1.11. FADING CHANNELS 49

φ∼φ

90o

2
cos

2
cos

d

v t

π
θ φ

λ
π

φ
λ

∆ =

∆
=

v

∆θ
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components are uniformly distributed in angle around the mobile, the autocor-
relation function of the channel can be shown to be [13]

R (τ) = Jo (2πfmτ)

where fm is the maximum Doppler spread and Jo (x) is the zeroth order modified
Bessel function. As the Doppler spread increases, the autocorrelation function
changes more rapidly thus indicating faster fading. The corresponding power
spectral density of the channel is [13]

PC (f) =
1

πfm

√
1 −

(
f

fm

)2

Finally, we should note that since γ(t) is a complex Gaussian random process,
samples of the process are complex Gaussian random variables. The envelope
(or magnitude) of a complex Gaussian random variable, follows a Rayleigh dis-
tribution. Thus, this channel model is often referred to as a Rayleigh fading
channel.
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The performance of a spread spectrum signal in Rayleigh fading can be
determined in a manner similar to the AWGN case, with the exception that
we now must integrate the probability of error over the SNR distribution due
to fading. The decision statistic for BPSK modulation can be written as the
output of the correlator version of the matched filter:

Z =
1

T

∫ T

0

r (t) s∗ (t) dt

=
1

T

∫ T

0

(√
Ps (t) γ (t) + n (t)

)
s∗ (t) dt

=

√
Pγ

T

∫ T

0

s (t) s∗ (t) dt +
1

T

∫ T

0

n(t)s∗ (t) dt

=
√

Pγb + N

where we have assumed that the channel γ(t) remains constant over a symbol
interval and is represented by γ. Since the baseband channel is complex, we
must remove the channel-induced phase modulation in order to do phase de-
tection. Multiplying the matched filter output by the complex conjugate of
the channel gain γ∗, and assuming BPSK modulation, the probability of error
conditioned on γ is

Pe | γ = Q

(√
2Eb

No
|γ|2
)

Since γ is a complex Gaussian random variable, |γ|2 is a Chi-Square ran-
dom variable with two degrees of freedom. The average probability of error
is conditional probability of error averaged over the distribution of |γ|2. The

distribution of β = Eb

No
|γ|2 is
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p (β) =
1

β
e
− β

β

Since |γ|2 = 1, β = Eb

No
which is the average energy per bit divided by the

noise power spectral density. The average probability of error is then found by
integrating over the probability density function of β:

Pe =

∫ ∞

0

p (β) Q
(√

2β
)

dβ

=

∫ ∞

0

1

β
e
− β

β Q
(√

2β
)

dβ

=
1

2


1 −

√
β

1 + β


 (1.142)

where we have used a well-known integration identity [1]. If β >> 1, we can
use the approximation:

Pe =
1

2


1 − 1√

1 + 1
β




∼= 1

2

(
1 −

(
1 − 1

2β

))

=
1

4β
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Figure 1.26: Bit Error Rate of BPSK in Flat Rayleigh Fading

The probability of error and the high SNR approximation are both plotted
in Figure 1.26. Also plotted is the BER of coherently demodulated BPSK in
AWGN from (1.115). As can be seen, the performance in Rayleigh fading is
dramatically degraded as compared to the AWGN case. For example, if the
desired BER for a link is 10−2, in an AWGN channel the required value of
Eb/No is approximately 4dB. However, in the presence of Rayleigh fading, we
require an Eb/No of 14dB, a 10dB increase! As we will find in Chapter 8,
spread spectrum will allow us to improve this situation through the use of a
Rake receiver and through the use of error correction coding.

1.12 Conclusion

In this chapter we have provided a brief overview of digital communications.
Specifically, we have discussed fundamental topics including sampling, quantiza-
tion, modulation/demodulation,coding, bandwidth efficiency, energy efficiency
and multipath fading. Throughout this book, we will assume that the reader
has a basic understanding of these and other fundamental aspects of digital
communications. For those readers who feel that they need additional review,
please refer to the following excellent text books on Digital Communications
[1, 2, 5, 3, 4].



Chapter 2

Motivation for Spread
Spectrum

2.1 Introduction

The digital communication techniques discussed in the previous chapter were
designed for the AWGN channel. When communication must occur in less be-
nign environments, more sophisticated techniques are warranted [14][15][16][17].
Two such environments that are often encountered in communications are the
interference-limited environment (oftern termed the jamming channel in the
context of spread spectrum) and the fading environment [5]. One communi-
cations technique that improves performance in both of these channel types is
spread spectrum. Spread spectrum can be defined as any modulation technique
which (a) occupies a bandwidth which is (usually substantially) beyond what
is necessary for the data rate being transmitted and (b) uses a pseudorandom1

signal independent of the data to obtain the increased bandwidth and to re-
cover the spread signal at the receiver. The latter factor distinguishes spread
spectrum techniques from standard communication techniques such as FM and
high order orthogonal signaling which may also require high bandwidth as com-
pared to the information rate. The pseudorandom spreading is accomplished by
adding a spreading block after the modulator as shown in Figure 2.1. Note that
spreading can either be done at an intermediate frequency or more commonly
at baseband. The pseudorandom nature of the spreading signal means that
the receiver recovers the signal by correlating the received signal with a syn-
chronized local version of the spreading waveform (also called despreading) as
also shown in Figure 2.1. It should be emphasized that the benefits of spread

1The reader may find the term ”pseudorandom” somewhat strange and thus it deserves a
brief discussion. By the term ”pseudorandom signal” we simply mean a signal that appears to
an outside observer to be random, while in fact being generated by a deterministic algorithm.
Such a signal will clearly not be random to a receiver which knows the algorithm, but appears
to be random to a receiver which does not know the algorithm.

53
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Figure 2.1: Block Diagram of a Digital Communications System with Spread-
ing/Despreading

spectrum techniques are derived from the combination of these two character-
istics, i.e., the wide bandwidth (and thus low power spectral density) and the
pseudorandom nature of the signal. This will be discussed at a high level in
the current chapter and in significantly more detail in the coming chapters.

2.2 Reasons for Spreading

There are several reasons for spreading a signal to a bandwidth well beyond
the information rate in a pseudorandom manner. These include resistance to
interference (intentional or otherwise), the potential to hide the signal from
unintended reception (i.e., low probability of intercept or LPI), resistance to
multipath fading, improved multiple access capability, and ranging [18]. The
resistance to interference including multiple access interference is related to two
more subtle properties of spread spectrum termed interference averaging and in-
terference randomization. We will discuss these two concepts explicitly. In the
following sections we will discuss each of these motivations for spread spectrum.
Each of these benefits naturally are derived from the two key characteristics of
spread spectrum, its wide spectral occupancy and/or the pseudorandom nature
of the signal. By occupying a large bandwidth in a pseudorandom manner,
over a long period of time the signal is spread over many dimensions in an
unpredictable (to an outside obberver) manner. However, during any short
time interval (say a few data symbols), the signal occupies only a single dimen-
sion. Since individual interference sources are concentrated in one dimension or
spread over many dimensions at once, the spread spectrum signal experiences
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an improved signal-to-interference ratio (SIR) upon reception. Additionally,
this increased dimensionality means that an unintended receiver which does not
know the pseudorandom code, must observe all dimensions simultaneously re-
sulting in a very poor signal-to-(thermal)noise ratio (SNR). We will now discuss
these benefits of spread spectrum in more detail.

2.2.1 Anti-jamming

Jamming is a term typically used when an RF signal source of some type is used
to disrupt the communications of an enemy link. Spread spectrum has long
been used in military communications applications as a means of combatting
jamming [19]. Although we will describe this benefit in those terms, it should
be noted that the anti-jamming capabilities of spread spectrum can also be seen
as interference resistance in commercial applications [20][21]. This will be a
general theme in our discussion of spread spectrum in this book. Although
it originated as a military technology, the same characteristics which make it
useful in military applications can also provide powerful benefits in commercial
applications.

Jamming is done in various ways including sending a continuous, strong
narrowband interferer, wideband noise or a pulsed jamming signal. Each has
its advantages and disadvantages. We will examine each of these approaches
in Chapter 6, but for now let us consider a pulsed signal with duty cycle ρ
where continuous jamming is a special case of pulsed jamming with ρ = 1.
Now, without jamming (and assuming an AWGN channel), the performance of
BPSK modulation (as discussed in Chapter 1) is

Pb = Q

(√
2Eb

No

)
(2.1)

Let us assume that a wideband jammer transmits a noise-like signal which is
received with average power J in bandwidth W . While the jammer is transmit-
ting, the performance of a receiver using BPSK modulation is [16]

Pb = Q

(√
2Eb

No +
Nj

ρ

)
(2.2)

where Nj = J
W is the one-sided power spectral density of the jammer. Note

that the jammer increases its impact while transmitting by transmitting less fre-
quently (i.e., decreasing ρ). This concentrates the jammer’s power in time. How-
ever, by decreasing ρ the jammer impacts performance less frequently. Thus,
there is a trade-off by changing ρ. Combining equations (2.1) and (2.2), the av-
erage performance of a BPSK link in the presence of pulsed noise-like jamming
is

Pb = (1 − ρ) Q

(√
2Eb

No

)
+ ρQ

(√
2Eb

No +
Nj

ρ

)
(2.3)
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In a typical jamming situation, Eb

No
>> Eb

Nj
, thus

Pb ≈ ρQ

(√
2ρEb

Nj

)
(2.4)

The optimal choice of ρ (in terms of maximizing Pb) can be found by using an
upper bound for the Q-function. Namely, it can be shown that [22]

Q (x) ≤ 1

x
√

2π
e−x2/2 (2.5)

Using this upper bound, we can bound the probability of error as [16]

Pb ≤
ρ√

4πρEb/Nj

e−ρEb/Nj (2.6)

The optimal choice of ρ can be determined by taking the derivative of this
expression and setting it equal to zero. In Chapter 8 the solution is shown to
be

ρopt =
Nj

2Eb
(2.7)

The resulting probability of error bound is then [16]

Pmax
b ≤ 1√

2πe

Nj

2Eb
(2.8)

In the case of continual jamming the performance from (2.3) is

Pb = Q

(√
2Eb

Nj

)
(2.9)

As shown in Figure 2.2 optimal pulsing severely degrades the performance of the
victim receiver as compared to continuous jamming. For example, at a target
error rate of Pb = 10−4 optimal jamming degrades performance by over 22dB. It
should be noted that optimal jamming is difficult to accomplish in practice since
it requires the jammer to know the operating point of the receiver, but it does
demonstrate the radical change that jamming can cause to receiver performance.
While continuous wideband jamming is identical to AWGN, pulsed jamming
results in performance where the BER reduces linearly as Eb/Nj increases, as
opposed to exponential improvement. Thus, traditional narrowband modulation
and coding techniques which are designed for AWGN channels are no longer
appropriate. As we will show in Chapter 8, spread spectrum techniques can
return the performance to an exponential improvement with increasing Eb/Nj .

As a simple example of the possible performance improvement with spread
spectrum, note that Eb = PTb where P is the received signal power of the
desired signal and Tb is the bit duration and Nj = J

W .
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Figure 2.2: Impact of Optimal Pulsing on the Jammer’s Effectiveness

Using these definitions we can re-write equation (2.8) as

Pmax
b =

1√
2πe

J

2P

Rb

W
(2.10)

where Rb = 1
Tb

is the bit rate, P/J is the signal-to-interference ratio and the

ratio W
Rb

can be termed the spreading factor since it describes the amount of
excess bandwidth used. In other words, in traditional BPSK, W = kRb where
1 ≤ k ≤ 2 depends on the pulse shape used. However, in spread spectrum
W >> Rb and thus, the spreading factor is much greater than one. From equa-
tion (2.10) we can see that increasing the spreading factor directly reduces the
impact of the jammer as shown in Figure 2.4. Note that the pulsing jammer
is still able to impact performance such that the BER reduction is only linear
with increasing Eb/Nj , but its effectiveness is reduced in direct proportion to
the spreading factor. We will show later (Chapter 8) that even better improve-
ment can be obtained by including error correction coding along with increased
bandwidth.

We should note that even without optimal pulsing, jamming can have a
strong impact. In Figure 2.3 the performance of a victim receiver using BPSK
is plotted versus Eb/No with and without continuous jamming. In this case,
the jammer is continuous with a resulting Eb

Nj
= 10dB. The figure demonstrates
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Figure 2.3: Error Floor Due to Continuous Jamming (An illustration of Inter-
ference Limited Scenario

that as Eb

No
goes to infinity, the BER performance is interference-limited due to

the constant Eb

Nj
with a resulting error floor. We will show later that spread

spectrum can improve this scenario as well.

As a final note in this section, we want to again stress that although this
benefit of spread spectrum has been presented in terms of a military application,
the benefits apply equally well to commercial systems. Specfically, the anti-
jam benefits of spread spectrum allow the possibility of spread spectrum signals
being overlaid on existing narrowband systems. The ability to reject interference
can then be exploited to allow the spread spectrum system to perform acceptably
in the presence of the legacy system which appears as narrowband interference.
Additionally, the same properties will be useful in multiple access situations as
will be discussed in Section 2.2.4 and Chapter 10.

2.2.2 Interference Randomization

The previous section demonstrated the deleterious effects of jamming and showed
that the increased bandwidth of spread spectrum can provide some benefit in
terms of performance. As will be explained in detail in later chapters, this
beneift is directly related to a reduction in the effective interference power due
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Figure 2.4: Illustration of Spreading Gain on Worst Case Jamming Performance

to spreading/despreading. An additional aspect of spread spectrum demodula-
tion (i.e., the despreading) is randomization of the interference. Specifically,
due to the random nature of the spreading waveform, the despreading process
has a tendency to randomize the interference. By the term randomization we
mean that the despreading process tends to change the interference distribution
from its original distribution to a Gaussian distribution. This change in the
distribution allows for better performance, especially in the presence of error
correction coding when using standard receiver structures such as the matched
filter [20][23]. The improved performance is due to the fact that communi-
cation systems, including modulation and coding, were designed for Gaussian
interference, i.e., AWGN. Additionally, performance analysis of systems with
Gaussian noise impairments is well-understood and straightforward. Thus, in
this sense Gaussian interference can be preferred over other types of interfer-
ence [24, 25]. The fact that the despreading process of spread spectrum tends
to convert interference of any distribution to a Gaussian distribution provides
some advantage. However, it should be emphasized that if more sophisticated
receiver structures are employed, Gaussian interference may not result in the
best performance. Specifically, several interference counter-measures (i.e., in-
terference rejection techniques) that we will discuss in Chapters 12 and 13 can
provide excellent performance when the inherent structure of the interference is
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exploited.

The interference randomization property of spread spectrum is based on the
Central Limit Theorem. The Central Limit Theorem is a fundamental result in
statistics which is concerned with the distribution of a sum of random variables.
The despreading process in spread spectrum communications essentially results
in the summation of a large number of (ideally) independent random variables
(i.e., interference terms). Thus, the Central Limit Theorem (CLT) becomes
relevant. Specifically, the CLT states

Theorem 1 If Y is the sum of N independent, identically distributed (iid)

random variables Y =
∑N

i=1 Xi, where X has mean µ and standard deviation

σ, in the limit as N → ∞ the probability density function of Z = Y/N−µ
σ/sqrtN is a

unit normal distribution:

pZ (z) =
1

2π
e−

z2

2 (2.11)

Again, since the despreading process tends to sum a large number of ran-
dom variables (not always iid) the central limit theorem tells us that despread-
ing will tend to make interference more like random noise, which can improve
performance when using communication techniques designed for AWGN (e.g.,
the matched filter recevier). We will demonstrate an example of the benefit of
Gaussian interference in the following example.

Example 2.1 Consider the performance impact of two different interfer-
ence sources on the standard matched filter. After matched filtering, the
first interference source has a binary distribution. Specifically, assume that
the interference at the filter output takes on the value +a with probability
(1 − p) and the value +Xa with probability p where X > 1. The probability
density function (pdf) of the interference source can be written as

fI1 (x) = (1 − p) δ (x − a) + pδ (x − Xa) (2.12)

where δ(x) is standard impulse or delta function defined as

δ(x) = 0 x 6= 0∫ ∞

−∞
δ(x)dx = 1

(2.13)

The second interference source is Gaussian distributed at the output of the
matched filter with pdf

fI2 (x) =
1√
2πσ

e−x2/2σ2

(2.14)
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If the kth output of the matched filter with BPSK signaling is

rk = bk + ik (2.15)

where bk ∈ {+1,−1} represents the desired signal and ik represents the
interference with pdfs given above, determine the probability of bit error
as a function of the Signal-to-Interference Ratio (SIR) assuming a standard
BPSK decision rule. Compare the two BERs for 4dB ¡ SIR ¡ 10dB when
p = 0.1 and X = 10.

SOLUTION: First let us consider the binary case. Clearly, if bk = 1, the
probability of error is zero since the binary interference is always positive.
If bk = −1, the probability of error depends on the interference power.
Since the desired signal has unit power, the signal-to-noise ratio is

SIR =
S

I
=

1

E {i2k}
(2.16)

Let us now find the average interference power. This can be found from
equation (2.12) as

E
{
i2k
}

= (1 − p) a2 + pX2a2 (2.17)

The probability of error when bk = −1 can be written as

Pr {e |bk = −1} = Pr {ik > 1 |bk = −1} (2.18)

Now from equations (2.16) and (2.17) we can write:

Pr {ik > 1 |bk = −1} =





1 SIR < 1
1−p+pX2

p X2

1−p+pX2 > SIR > 1
1−p+pX2

0 SIR > X2

1−p+pX2

(2.19)

Thus, assuming equally likely data bits the overall BER is

Pb =





1/2 SIR < 1
1−p+pX2

p/2 X2

1−p+pX2 > SIR > 1
1−p+pX2

0 SIR > X2

1−p+pX2

(2.20)

For Gaussian interference we have, the probability of error given that bk =
−1 can be found as

Pr {ikz > 1 |bk = −1} =

∫ ∞

1

1√
2πσ

e−x2/2σ2

dx

=

∫ ∞

1/σ

1√
2π

e−y2/2dy

= Q

(
1

σ

)

= Q
(√

SIR
)

(2.21)
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Figure 2.5: Comparison of the Effects of Binary and Gaussian Distributed In-
terference from Example 2.1

Since the interference is symmetric, the overall probability of error is the
same as the probability of error when bk = −1. A comparison of the two
BERs (for p = 0.1 and X = 10) is shown in Figure 2.5. We can see that
over the region of interest binary interference is substantially more severe
than Gaussian interference. In such a case, randomization of the inter-
ference provides a substantial benefit. However, it should be noted that
in this example, the receiver used processing (including the decision rule)
designed for AWGN. Thus, it is not surprising that performance for Gaus-
sian interference is superior. If the receiver knew that the interference was
binary, better performance could have been achieved. However, it practice
the exact distribution may be difficult to know. Also, thermal noise (whcih
is Gaussian distributed) is always present. Thus, if despreading can to some
degree guarantee Guassian interference, the job of the communications en-
gineer is made much easier.

2.2.3 LPI/LPD Communications

A traditional application of spread spectrum in military scenarios is Low Proba-
bility of Intercept (LPI) or Low Probability of Detection (LPD) communications
[16][26]. In many military applications it is desirable (or perhaps necessary)
that communications are carried out without knowledge of a third party. The
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ability of the third party to know that communications is taking place is defined
by the probability of detection. We can demonstrate the benefit of spread spec-
trum in this scenario by examining the performance of a radiometer [27]. A
radiometer is a device used to detect RF energy and determine whether or not a
signal is present. A typical radiometer block diagram is presented in Figure 2.7
[27]. The incoming signal is first filtered to the bandwidth of the signal of inter-
est W and then amplified using a low power amplifier. The resulting signal is
squared or rectified to eliminate phase modulation and consequently integrated
over duration Ti. The output of the integration is then compared to a threshold
to determine the existence of a signal. The threshold is an important param-
eter that controls the trade-off between the Probability of Detection (i.e., the
probability of detecting that a signal is present when it is in fact present) and
the Probability of False Alarm (i.e., the probability of erroneously determining
a signal is present when it is not). Lower threshold values lead to a higher
probability of detection Pd, but also a higher probability of false alarm Pfa.
Conversely, increasing the threshold decreases the probability of false alarm,
but also decreases the probability of detection. By choosing the threshold to
obtain a desired Pfa the probability of detection in an AWGN channel can be
approximated as [16][26][27]

Pd = Q

{
Q−1 (Pfa) − P

No

√
Ti

W

}
(2.22)

We can see that the probability of detection is directly related to the re-
ceived signal power P and the integration time Ti while it is inversely related
to the bandwidth W . Consider the scenario depicted in Figure 2.6 where an
unintended receiver (interceptor) is trying to eavesdrop on communications be-
tween the transmitter and desired receiver. One measure of performance for the
interceptor is the distance between it and the receiver that is required before de-
tection is possible. Specifically, it would like the required distance to be as large
as possible. Figure 2.8 plots the probability of detection versus the distance d
between the transmitter and eavesdropper relative to the distance do between
the transmitter and the desired receiver. In this example, the signal of interest
has a required Eb

No
= 7.25dB and a bit rate Rb = 10kbps. The interceptor has

an integration time Ti = 10ms, must maintain Pfa = 2% and it is assumed
that the path loss exponent is 4 (i.e., the received power decays with d4). As
the figure shows, by increasing the signal bandwidth the eavesdropper must be
closer to the transmitter to obtain the same probability of detection. For exam-
ple, assuming a data rate of 10kbps and a bandwidth of approximately 10kHz,
in order to obtain a probability of detection of 80% the interceptor need only
get within 1.55do of the transmitter. However, if we increase the bandwidth
to 10MHz, in order to obtain the same probability of detection the interceptor
must get within 0.6do, i.e., it must be closer to the transmitter than the desired
receiver. Clearly, increasing the signal bandwidth makes interception more dif-
ficult, while (as we will show later) not negatively impacting the performance
of the intended receiver.
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2.2.4 Improved Multiple Access

The LPI/LPD and anti-jamming capabilities of spread spectrum have tradition-
ally been exploited in military systems. However, these same characteristics can
also be used in commercial systems[20][21]. Specifically, these characteristics
allow spread spectrum to be used in overlay systems and for multiple access
[28]. In overlay systems, spread spectrum is used where existing legacy systems
already occupy the spectrum. The anti-jamming capabilities allow spread spec-
trum to operate in the existence of narrowband interference from the incumbent
systems. The LPI/LPD capabilities mean that spread spectrum signals can be
generated that cause minimal interference to the existing systems.

These same qualities can be exploited when spread spectrum signals operate
in the presence of other spread spectrum signals within the same system. The
way in which transmitters from the same system share the spectrum is referred
to as multiple access and will be discussed in detail in Chapter 10 and 11. In this
section we will demonstrate the usefulness of spread spectrum in commercial sys-
tems by making a simplistic comparison of the capacity, in terms of the number
of simultaneous channels of traditional narrowband mutliple access techniques
such as Time Division Multiple Access (TDMA) and Frequency Division Multi-
ple Access (FDMA) with spread spectrum based multiple access (termed Code
Division Multiple Access or CDMA). A more detailed discussion of multiple
access will be given in Chapters 10-11. Let us first consider an FDMA system
and assume that each user transmits at a rate of Rb b/s. Assuming optimal
pulse shaping2 and PSK, ASK or QAM modulation, the bandwidth per chan-
nel is W = Rs = Rb

k where k is the number of bits per symbol. If there is a
total system bandwidth of BT , the number of channels supported by FDMA
assuming that k = 1 is

KFDMA =
BT

Rb
(2.23)

where we have ignored guard bands. If TDMA is used, all users transmit at
a constant symbol rate Rs = BT . If the desired bit rate is Rb, the number of
channels that can be supported by the system is

KTDMA =
Rs

Rb

=
BT

Rb
(2.24)

which is the same as FDMA. Now, let us consider a CDMA system. In general,
CDMA (unlike TDMA and FDMA) is not an orthogonal multiple access scheme.
That is, with proper filtering and timing, TDMA and FDMA channels are
orthogonal and signals do not experience interference from other channels. With
CDMA, however, this is difficult to maintain, especially for the uplink. Thus,
typically a CDMA system is designed to have a controlled amount of interference

2Note that here we are assuming the use of optimal pulse shaping as opposed to square
pulses which were assumed in Chapter 1. The null-to-null bandwidth with square pulses is
twice that shown here for optimal pulses.
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between channels. If we assume that each of the KCDMA channels in the system
causes interference to the other channels, the total interference power seen by
any one signal is (KCDMA − 1)P where P is the received signal power for each
signal (assumed to be the same for simplicity). Assuming that the mutual
interference has the same properties as white noise (an assumption we will
examine later), interference power spectral density is then

Io =
(KCDMA − 1)P

BT
(2.25)

where each signal uses the entire bandwidth BT . The resulting Eb/Io for each
signal is then

Eb

Io
=

PTb

(KCDMA−1)P
BT

=
BT

(KCDMA − 1)Rb
(2.26)

Solving for the number of channels KCDMA results in

KCDMA ≈ BT

Rb

Io

Eb
(2.27)

Now, since the required value of Eb

Io
is certainly more than one, CDMA will

support fewer users in a single cell environment. In fact, a typical value of Eb

Io

is 6dB, meaning that CDMA will support 4 times fewer users than FDMA and
TDMA. However, there are other factors that we haven’t yet taken into account.
Specifically, the value of CDMA comes in a cellular environment. In a cellular
environment, the entire system bandwidth must be divided up in a frequency
reuse pattern to minimize co-channel interference. If Q is the number of cells
with distinct frequency bands, the capacity of a single cell in a TDMA or FDMA
cell becomes

KTDMA = KFDMA =
BT

QRb
(2.28)

However, CDMA uses universal frequency reuse (Q=1). Although this increases
the interference seen by an individual signal, the net result is a capacity im-
provement for CDMA as compared to FDMA and TDMA. Specifically, Eb

Io
is

now calculated as

Eb

Io
=

PTb

(KCDMA−1)P
BT

(1 + f)
(2.29)

where f is the interference increase due to out-of-cell interference as a fraction of
in-cell interference and is typically in the range of 0.6. The number of channels
supported is then

KCDMA ≈ BT

(1 + f)Rb

Io

Eb
(2.30)
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Another important factor to consider with CDMA is voice activity. Up to this
point, the value of Eb

Io
assumes that all signals are present at all times. However,

it is a well established fact that the typical speaker is only speaking ν = 3/8
of the time. Thus, if a transmitter suppresses transmissions during periods of
inactivity, the amount of interference is reduced by ν and the number of channels
is increased by 1

ν . That is

KCDMA ≈ BT

ν(1 + f)Rb

Io

Eb
(2.31)

Finally, we need to consider the impact of sectored antennas. In an FDMA or
TDMA system, sectored antennas allow the reuse factor to decrease. Thus, for
single sector systems Q = 12 is typical. However, for sectored systems Q = 7 is
possible resulting in an increase in capacity of nearly 2. However, with sectored
antennas, CDMA observes an interference reduction which directly improves Eb

Io

and thus directly increases the number of supportable channels. That is

KCDMA ≈ GBT

ν(1 + f)Rb

Io

Eb
(2.32)

where G is the antenna gain of the sector antenna in the azimuthal plane. A
typical value for G is 4dB.

Now let us assume the use of three-sector antennas at the base station. A
standard reuse pattern for three sector systems is Q = 7. The capacity of
TDMA and FDMA is then

KTDMA = KFDMA =
BT

7Rb
(2.33)

Now for CDMA, let us assume that Eb

Io
= 6dB, ν = 3/8, G = 4dB, and f = 0.6,

KCDMA ≈ 2.5BT
3
8 (1.6)Rb

1

4

≈ BT

Rb
(2.34)

which is an improvement of nearly an order of magnitude. Thus, due mainly to
universal frequency reuse and the statistical multiplexing capability stemming
from voice activity, CDMA can provide substantially better multiple access
capability than TDMA or FDMA. A more detailed analysis will be provided in
Chapter 11.

2.2.5 Interference Averaging

The previous section discussed the advantage of spread spectrum in multiple
access scenarios. This is partly due to the ability of spread spectrum to ex-
ploit universal frequency reuse, statistically multiplex bursty signals as well as
interference averaging [23]. The dominant reason why narrowband systems
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require large frequency reuse patterns (e.g., Q = 7), is that co-channel interfer-
ence can vary dramatically due to the relative positions of co-channel transmit-
ters. Reuse patterns are then designed to account for the worst case scenario
[29, 5, 30]. The use of spread spectrum causes interference averaging which
reduces the variation of the interference even if it doesn’t reduce the average
interference power. More specifically, the use of spreading exposes the signal
to a larger number of interferers. However, only a fraction of each interferer
will be left after matched filtering. Thus, instead of being impacted by the full
power of a small number of interferers, spread spectrum signals are impacted
by a fraction of the power from a large number of interferers. The benefit of
this interference averaging is demonstrated in the following example.

Example 2.2 Consider a cellular system where there is a single co-channel
interferer with a normalized received power that follows an exponential dis-
tribution with a mean of 1. The desired signal is in outage if the interfer-
ence power exceeds 3. What is the probability of outage? Now consider
a cellular system which has 10 co-channel interferers whose powers follow
independent exponential distributions, but now each with a mean power of
0.1. What is the mean interference in this case and how does it compare to
the first situation? What is the outage probability in the second case and
how does it compare to the first case?.

SOLUTION: (a) The interference power follows an exponential distribu-
tion. The exponential distribution can be written as [6]

fX (x) = λe−λx x ≥ 0 (2.35)

where distribution is characterized by the parameter λ which is simply the
inverse of the mean

X =
1

λ
(2.36)

The probability of outage can be written as

Pout = Pr {x > 3} (2.37)

= 1 − FX (3) (2.38)

where FX (x) is the cumulative distribution function of the interference. In
our case, the interference follows an exponential distribution with parameter
λ = 1, thus

FX (x) = 1 − e−λx x ≥ 0 (2.39)

FX (x) = 1 − e−x x ≥ 0 (2.40)

Pout = e−x x ≥ 0 (2.41)

For our case, Pout = e−3 = 0.05 or 5%.
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(b) Now, the interference is a sum of independent exponential distributions
each with parameter λ = 10. It is well-known that the distribution of
a sum of independent exponential random variables is a random variable
which follows a Gamma distribution [6]. That is, if

Y =

n∑

i=1

Xi (2.42)

where Xi each have a distribution described in equation (2.35), then Y
follows a Gamma distribution. The Gamma distribution can be written as
[6]

f (y; k, θ) = yk−1e−y/θ

θkΓ(k)
y ≥ 0 (2.43)

where Γ (x) is the Gamma function which for integer values is simply
Γ (x) = (x − 1)! Specifically, it can be shown that since Y is the sum of n
iid exponential random variables it has the distribution fY (y) = f

(
y;n, 1

λ

)

which is written as

fY (y) = yk−1e−λy

(1/λ)nΓ(n) y ≥ 0 (2.44)

where λ = 1/X = 1/0.1 = 10 and n = 10. Now the mean of the Gamma
distribution is Y = kθ. In our case, Y = n/λ = 1. Thus, the mean inter-
ference power is identical to the single user case. However, the probability
density functions for the interference power for the two cases are plotted in
Figure 2.9. We can see that although the mean power is the same in the
two cases, the distributions are quite different. Specifically, by interference
averaging, the variance is reduced considerably. The outage probability is
defined as Pout = 1 − FY (3) . The cumulative distribution function of a
Gamma distribution is

FY (y) = γ(k,y/θ)
Γ(k) y ≥ 0 (2.45)

where γ (k, y/θ) is the incomplete Gamma function. Now, again substitut-
ing k = n = 10 and θ = 1/λ = 1/10 we have

Pout = 1 − FY (3) (2.46)

= 1 − γ (10, 30)

Γ (10)
(2.47)

= 7 ∗ 10−6 (2.48)

Thus, interference averaging causes a dramatic reduction in outage proba-
bility even if it doesn’t reduce the mean interference power.
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Figure 2.9: The Probability Density Functions for the Case of One and Ten
Interferers in Example 2.2

2.2.6 Resistance to Multipath Fading

As we have stated previously, traditional modulation and coding schemes were
designed for the relatively benign AWGN channel. A more harsh channel which
is common in mobile wireless communications is the multipath fading channel
[5]. This channel was discussed in more detail in Chapter 1. We will summarize
the key features of the multipath channel, but please refer to Chapter 1 for a
more complete description. Due to the existence of a large number of scatterers
in the environment, the receiver sees many reflected and delayed versions of the
signal. If the relative delays of the signals are small as compared to the symbol
rate, the receiver will observe a single time-varying waveform whose amplitude
fluctuates with the mobile’s movement due to random phase combinations. A
common model for such fading channels is what is termed the flat Rayleigh
fading model, since the amplitude of the signal follows a Rayleigh distribution
[12]. The fading is termed ’flat’ fading since the coherence bandwidth of the
channel is greater than the signal bandwidth and thus the channel transfer
function is flat over the bandwidth of the signal. This causes the all frequency
components of the signal to fade simultaneously. As derived in Chapter 1,
the probability of error is significantly worse than AWGN in this scenario. As
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derived in Chapter 1 and presented in equation (1.142), the probability of bit
error for BPSK with coherent reception is [1, 5]

Pb =
1

2


1 −

√√√√
Eb

No

1 + Eb

No


 (2.49)

The performance is plotted in Figure 2.10 (labeled ’flat fading’)along with the
AWGN case. We can see that impact of fading is severe. For example, at a
bit error probability of 10−3, Rayleigh fading results in a 17dB degradation in
performance.

Again, spread spectrum can be beneficial in such a case [31]. By increasing
the signal bandwidth beyond the channel coherence bandwidth, the severe fad-
ing can be mitigated. In other words, by decreasing the symbol duration so that
it is smaller than the multipath delays, the multipath signals can be resolved
and used as a form of diversity. When the signal bandwidth is expanded beyond
the coherence bandwidth, the fading is termed ’frequency selective’ fading since
the channel fades differently over different parts of the signal spectrum. For ex-
ample, by increasing the symbol rate such that the bandwidth is approximately
twice the coherence bandwidth, a diversity of order two can be obtained pro-
vided the proper spreading and receiver are used. As shown in Figure 2.10, if
the second order diversity (L=2) can be harnessed by the receiver an improve-
ment of nearly 10dB can be obtained at an error rate of 10−3. By increasing the
bandwidth by greater amounts, greater diversity and thus better performance
can potentially be obtained. For example, with L=4 order diversity, perfor-
mance is improved by approximately 14dB and is only 3dB from the AWGN
case. Fading and diversity are considered in detail in Chapter 8.

Example 2.3 Assume that a Rayleigh fading channel has a coherence
bandwidth of BC = B where B is bandwidth of a transmitted signal without
using spread spectrum. (a) If the average signal-to-noise ratio (SNR) is
10dB and an outage occurs whenever the instantaneous SNR drops below
0dB, determine the probability of outage. (b) Assume that by increasing the
bandwidth using spread spectrum to LBC frequency selective fading is in-
troduced which can be exploited to achieve L-fold diversity with equal power
per diversity branch. If the transmit bandwidth is increased to 8BC using
spread spectrum, what is the new probability of outage?
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SOLUTION: (a) A Rayleigh fading channel follows a Rayleigh distribu-
tion in its absolute value. Thus, the received power follows a Chi-Square
distribution with two degrees of freedom. The probability density function
of the received SNR γ is then [1]

fΓ1
(γ) = 1

γ e−γ/γ γ ≥ 0 (2.50)

where γ is the average SNR. The outage probability can be written as

Pout = Pr {γ < 1}
= FΓ1

(1)

where FΓ
100/10=1

(γ) is the cumulative distribution function (CDF). For a

Chi-Square distribution we have [1]

FΓ1
(γ) = 1 − e−γ/γ γ ≥ 0 (2.51)

Thus, the outage probability is FΓ1
(1) = 0.1 or 10%.

(b) It is assumed in the problem that increasing the bandwidth by a factor of
L over the coherence bandwidth provides L-fold diversity with equal power
per channel. In practice this is not always the case, but it is a reasonable
approximation. The resulting SNR follows a Chi-Square distribution with
2L degrees of freedom [5, 1]

fΓL
(γ) = 1

(L−1)!(γ/L)L γL−1e−γ/(γ/L) γ ≥ 0 (2.52)

Note that obtaining diversity in this way does not increase the total average
received power, thus the average SNR per channel is γ/L. Other diversity
methods (e.g., using multiple receive antennas) can increase average power.
Again, the probability of outage is related to the CDF of the SNR which is
[5, 1]

FΓL
(γ) = 1 − e−γ/(γ/L)

L−1∑
k=0

1
k!

(
γ

γ/L

)k

γ ≥ 0 (2.53)

Specifically, the new outage probability is FΓL
(1) = 2 ∗ 10−6 which is a

dramatic reduction. Thus, we find that exploiting diversity in this way
can be very powerful. Of course, if there is not equal power per diversity
branch, the gains will not be quite as dramatic but still quite substantial.
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Figure 2.10: Impact of Frequency Selective Rayleigh Fading on the Performance
of a Rake Receiver

2.2.7 Ranging

Finally, the last application mentioned here that is useful for spread spectrum is
ranging. Ranging is the process of determining the distance a receiver is from a
transmitter by measuring the time-of-arrival (TOA) of a signal as compared to
a known reference. This is also sometimes referred to as the time-of-flight. The
accuracy of this type of measurement is directly related to the symbol duration,
with accuracy improving as the symbol duration decreases (or bandwidth in-
creases). Thus, more accurate ranging capabilities are possible with very short
symbol duration or very wide bandwidths. Additionally, multipath propagation
is typically a limiting factor in ranging applications. Spread spectrum formats
(esp. direct sequence spread spectrum) is resistant to multipath as discussed
in section 2.2.6. Thus, spread spectrum improves ranging capabilities in two
distinct ways.

The improvement due to bandwidth can be shown using the Cramer-Rao
lower bound (CRLB) [32]. The CRLB places a lower limit on the variance of
an unbiased estimator. In this case we are estimated with the estimation of
the time-of-arrival τ which is directly related to the distance estimate through
the speed of light. Specifically, the variance of the estimate of τ (σ2

τ ) is lower-
bounded by the CRLB of τ , CRLB (τ), which can be shown to be [33]

σ2
τ ≥ CRLB (τ) =

1

γ

∫∞
−∞ |W (f)|2 df

∫∞
−∞ f2 |W (f)|2 df

(2.54)

where γ is the signal to noise ratio of the link and W (f) is the Fourier Transform
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of the signal being used for ranging. As seen in equation (2.54), as the band-
width of W (f) increases the denominator increases faster than the numerator
and thus the CRLB decreases. We will return to this shortly.

The CRLB for the distance estimate d̂ is related to the CRLB for time-of-
arrival as CRLB (d) = c2 · CRLB (τ) where c is the speed of light. Thus,

σ2
d ≥ c2

γ

∫∞
−∞ |W (f)|2 df

∫∞
−∞ f2 |W (f)|2 df

(2.55)

To get a better understanding of the relationship between signal bandwidth
and ranging estimation accuracy, let us consider an “ideal” pulse which perfectly
uses the bandwidth available. That is the spectrum of the pulse with bandwidth
B is

W (f) = Π

(
f

2B

)
(2.56)

where Π(f) is a rectangular pulse of unity width. The minimum vairance of the
distance estimator is then written as

σ2
d ≥ c2

γ

∫∞
−∞ |W (f)|2 df

∫∞
−∞ f2 |W (f)|2 df

=
c2

γ

∫ B

−B
df

∫ B

−B
f2df

=
c2

γ

2B

2B3/3

=
c2

γ

3

B2
(2.57)

Thus, we can clearly see the relationship between the minimum achievable rang-
ing variance and the signal bandwidth. That is, the minimum achievable vari-
ance decreases as B2 increases. We examine this more in the following example.
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Example 2.4 Consider a ranging system which uses an ideal pulse, i.e.,
one which completely uses the bandwidth available. If the received signal-to-
noise ratio is 20dB (regardless of bandwidth), plot the minimum achivable
standard deviation of a distance estimator versus the signal bandwidths be-
tween 1MHz and 10GHz. What is the minimum achievable range estimate
standard deviation for a bandwidth of 1GHz?

SOLUTION: From equation (2.57) we know that the minimum achievable
variance at an SNR of 100 is

σ2
d ≥ 3c2

400π2

1

B2
(2.58)

This corresponds to a standard deviation bound of

σd ≥ c

π

√
3

400

1

B
(2.59)

The resulting minimum achievable standard deviation is plotted in Figure
2.11 for bandwidths between 1MHz and 10GHz. We can see that the stan-
dard deviation decreases directly with bandwidth as expected. Further, for
a bandwidth of 1GHz, the minimum achievable standard deviation is just
under 1cm.

2.3 Types of spread spectrum

The preceding sections have demonstrated that there are many scenarios where
increasing the bandwidth of a communications signal provides benefits in per-
formance. However, we have not discussed how this bandwidth expansion (or
spreading) is accomplished. There are two main techniques or types of spread
spectrum that will be discussed in this book. The first is called direct-sequence
spread spectrum (DS/SS). It involves increasing the signal bandwidth by multi-
plying the information signal by a high rate spreading waveform. The symbols
of the spreading waveform are typically pseudorandom and are generated using
a pseudorandom noise (PN) sequence. From Fourier Transform theory, the
multiplication of two signals in the time-domain results in the convolution of
their spectra. Thus, if the spreading waveform has a large bandwidth, the
resulting signal will also have a large bandwidth. The ratio of the symbol rate
of the spreading waveform to the symbol rate of the information signal is typi-
cally called the spreading gain or processing gain and is directly related to the
benefits provided by spread spectrum. We will discuss DS/SS in more detail
and more rigorously define the processing gain in Chapter 3.

The second main type of spread spectrum is called frequency-hopped spread
spectrum (FH/SS). In this form of spread spectrum the original information
signal is moved in frequency from one band to another in a pseudorandom
fashion. Again, this is due to the use of a pseudorandom noise sequence that
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Figure 2.11: The Minimum Achievable Range Estimate Variance versus Band-
width from Example 2.4

is used to change the center frequency of the carrier to one of N different non-
overlapping frequency channels. The number of different hopping frequencies
N is also called the spreading gain, although we will discuss this in more detail
in Chapter 4.

There are also many combinations of these two techniques as well as vari-
ations known as time-hopping and multi-carrier spread spectrum. We will
examine each of these schemes in more detail in the coming chapters.

2.4 Conclusions

In this chapter we have discussed briefly the motivations behind the use of spread
spectrum communications. These motivations include resistance to jamming (or
other interference), low probability of detection/intercept (or the possibility of
spectral overlay), the related benefits of interference averaging and randomiza-
tion, resistance to multipath fading, and improved ranging resolution. In the
coming chapters we will discuss these benefits in more detail, especially as they
relate to specific spread spectrum formats.
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