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Abstract

In this paper, we consider a scenario in which K active
data users, each of which is equipped with multiple an-
tenna elements, are served by a multi-antenna element
base station (BS). We focus on the downlink channel,
where space-time block coding scheme is employed and
assume that channel state information (CSI) is reported
to the BS by all users and on a per frame basis. Using a
scoring function at the BS, time resources are allocated
to the user with the best instantaneous effective SNR,
facilitating a multiuser diversity mechanism. Using or-
der statistics, we compute histograms and cumulative
distribution functions of the effective SNR at the space-
time combiner output and assess on the interactions
between multiuser diversity and spatial diversity.

I. INTRODUCATION

Space-time block coding (STBC) schemes, proposed
originally by Alamouti in [1] and Tarokh et al. in [2],
were recently adopted by the 3G standardization com-
mittees for implementation as one of the transmit di-
versity modes of 3G wireless networks. These schemes
introduce a simple, elegant spatial diversity mechanism
that improves the energy efficiency of schemes operat-
ing over wireless channels. A vast body of research
has been published on the performance and structure
of these schemes, focusing on the physical (PHY) layer
aspects only. In this paper, we assess on the impact of
scheduling algorithms, which may be executed in the
access-control (MAC) layer of a wireless network, on
the performance of STBC.

One important application to space-time architec-
tures may be high-data-rate downstream wireless Inter-
net access to nomadic users [3]. The nature of such data
traffic is asymmetric, requiring a much higher downlink
rate from the base station (BS) than that generated in
the uplink channel by the user terminal. In addition to
traffic asymmetry, data services differ from voice ser-
vices also in their tolerance to delay. We consider in

this paper a scenario where a single BS provides data
services to K users, each of which is equipped with
multiple antenna elements. Since the data rate that
can be supported to each user is proportional to its re-
ceived SNR, it may be beneficial to use channel state
information (CSI) and the unequal latency property of
the service to serve multiple users with disparate SNRs.
This may improve the overall throughput of the system
as compared with the case of equally served users re-
gardless of their channel conditions. The BS applies
STBC architecture paired with a scheduling protocol
that routes the transmission of packets to users based
on their reported CSI in the uplink channel.

Two extreme scheduling algorithms are considered.
The first one, denoted “greedy”, routes each transmis-
sion to the user with the best instantaneous channel
conditions. The second, denoted “round robin” (RR),
routes the transmission of packets equally across users.
Results indicate that the “greedy” scheduler gives rise
to multiuser diversity mechanism, where the link with
the best instantaneous SNR is selected (out of K inde-
pendent links) on a per frame basis. The round robin
scheduler is equivalent to the single user case since all
users are equally served in an orthogonal TDM-like
manner.

It is well known that by increasing the spatial di-
versity order of STBC, performance in terms of relia-
bility and capacity is bounded by AWGN results [4, 5].
Natural questions are therefore: 1) How does multi-
user diversity enhance performance further ?, and 2)
Is multiuser diversity mechanism equivalent to spatial
diversity ? The answer to these questions is provided
in this paper.

The multiuser diversity, introduced by the “greedy”
scheduler, enhances the averaged SNR and thus im-
proves the performance of the space-time architecture.
We study the interactions of multiuser diversity and
spatial diversity by computing the statistics of the ef-
fective SNR at the space-time combiner output with
and without K-fold multiuser diversity. The analy-
sis is based on classical results from order statistics
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[6]. While the spatial diversity mechanism is designed
to reduce the probability of deep fades at the output
of the receiver combining stage, it also eliminates the
peaks (constructive fades) of the Rayleigh fading chan-
nel. This phenomenon is shown to limit the perfor-
mance gain that could have been achieved by the multi-
user diversity mechanism only.

The remainder of the paper is organized as follows.
In section II we present the system model and the as-
sumptions underlying our analysis. Section III presents
a general procedure to derive the statistics of the effec-
tive SNR at the output of the receiver combining stage
with and without multiuser diversity. In section IV, we
investigate these statistics for few specific space-time
block coding schemes and demonstrate how multiuser
diversity improves frame error rate performance. Fi-
nally, section V concludes the paper.

II. SYSTEM MODEL

The block diagram of a full rate space-time block code
with 2 transmit and 1 receive antenna elements is il-
lustrated in Figure 1. The orthogonality across se-
quences of symbols, transmitted simultaneously form
nT antenna elements, is exploited at the receiver by
the combining rule. The objectives of this combiner
are two fold: 1) decouple the received superposition of
symbols to create separate decision statistics, and 2) co-
herently combine the fade coefficients associated with
each transmitted symbol to allow for diversity order.
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Figure 1: STBC block diagram

The received signal at the kth terminal, receive an-
tenna j, j ∈ [1, 2, · · · , nR], at time t is modeled by,

rjk(t) =
nT∑
i=1

αi,jc
i
k(t) + η

j
k(t), (1)

where ηj
k(t) denotes the AWGN term and is modeled as

independent samples of a zero mean complex Gaussian
random variable with variance nT

2SNR per dimension and
cik(t) is the symbol transmitted to the kth user from

transmit antenna i at time t with average energy nor-
malized to one. The channel is modeled by an nT ×nR

matrix Ωk = [α(k)
i,j ], whose entry α(k)

i,j represents the
complex fade coefficient for the path from transmit an-
tenna i to receive antenna j of the kth user. These
fade coefficients are assumed to be zero mean complex
Gaussian random variables with variance 0.5 per di-
mension. For simplification purposes, we assume per-
fect channel tracking at the terminal and perfect feed-
back of these estimates to the base station. We also
assume that the K users experience the same average
SNR and that each MIMO link exhibits quasi-static
frequency non-selective (flat) fading.

III. PERFORMANCE ANALYSIS

The effective SNR at the space-time combiner output
of the kth user is given by [7, 8]:

γ =
SNR

nT

nR∑
j=1

nT∑
i=1

∣∣∣α(k)
i,j

∣∣∣2 , (2)

This is a chi-square random variable with nTnR degrees
of freedom. The probability density function of this
random variable is given by [9, 4]:

fγ(γ) =
1

(nTnR − 1)!
(

SNR
nT

)nT nR
γnT nR−1e

− γ
SNR/nT ,

(3)
Let us define new variables µ, n and C as: µ = nT

SNR ,

n = nTnR − 1 and C = µn+1

n! . This allows us to write a
simplified form of (3):

fγ(γ) = Cγne−µγ . (4)

In our “greedy” scheduling algorithm, the base sta-
tion selects (on a per frame basis) the user k with the
best instantaneous channel realization. That is:

arg maxk∈{1,2,···,K}
nR∑
j=1

nT∑
i=1

∣∣∣α(k)
i,j

∣∣∣2 , (5)

This multiuser diversity mechanism creates a new
random variable, denoted γ̃, which represents the effec-
tive SNR at the space-time combiner output with K-
fold multiuser diversity. The probability density func-
tion of this random variable is computed using order
statistics results [6]:

gγ̃(y) = Kfγ(y)F (y)K−1, (6)

where K is the number of users and F (y) denotes the
cumulative distribution function (CDF) of the original
random variable γ. The CDF of γ is given by:

F (y) =
∫ y

γ=0

fγ(γ)dγ (7)

= 1− µn+1e−µy
n∑

m=0

ym

m!µn−m+1

0-7803-7468-1/02/$17.00 (C) 2002 IEEE



Plugging Eqs. (7) and (4) into (6), we obtain a closed
form expression for the pdf of the effective SNR at the
space-time combiner output with K-fold multiuser di-
versity.

The mth moment of the effective SNR at the out-
put of the space time combiner with K-fold multiuser
diversity is computed by

E[ym] =

∞∫

y=0

ymgγ̃(y)dy = K

∞∫

y=0

ymfγ(y)F (y)K−1dy.

(8)
In the following section, we apply the results of Eqs.

(7) and (8) to assess on the impact of multiuser di-
versity when employed in conjunction with space-time
block coding.

IV. PERFORMANCE RESULTS

Results in the form of cumulative distribution functions
(CDFs) are plotted in Figure 2 using Monte Carlo sim-
ulations and the analysis presented herein for STBC
with 4Tx-4Rx, paired with 50, 20, 5 and 1-fold multi-
user diversity.

Figure 2: The effect of multiuser diversity on the aver-

age effective SNR ; SNR = 4dB

As a reference, we include the CDF of a single-input
single-output (SISO) link with no multiuser diversity.
For a given CDF level of 1%, the effective SNR is en-
hanced by 2.3, 3.3 and 4 dB for K = 5, 20 and 50 users,
respectively. An excellent match is demonstrated be-
tween the closed form expression and the Monte Carlo
simulation results.

This SNR enhancement yields an improved perfor-
mance in terms of frame error rate (FER). Figure 3
presents FER results for a rate 3/4 (denoted H4 in [2])

STBC with QPSK modulation and 4Tx-4Rx antenna
array configuration with and without multiuser diver-
sity. The outer error correction code used herein is a
constraint length 7, rate 1/2 convolutional code.

Figure 3: Performance of STBC with K-fold multiuser

diversity (4Tx-4Rx, QPSK, H4, r = 1/2)

It can be seen that for both coded and uncoded
STBC, multiuser diversity reduces the SNR required
to guarantee 1% FER. It is also noticed that in ad-
dition to the enhanced mean SNR (shift in the FER
curves to the left) there is a slight improvement in the
slope of the curves, corresponding to improved diver-
sity order. Using the first and second moments of Eq.
(8), Figures 4 and 5 illustrate the effective SNR gain in
terms of mean and variance due to multiuser diversity
for various array configurations.
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Figure 4: Multiuser diversity over STBC; averaged ef-

fective SNR gain
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Figure 5: Multiuser diversity over STBC; standard de-

viation of the effective SNR

It is noticed that the SNR gain reaches a satura-
tion point for all array sizes, where increasing the num-
ber of users further (amount of links to choose from)
results in diminishing returns in SNR enhancement.
More important, it is observed that as the array size
increases (higher spatial diversity order), the gain asso-
ciated with the multiuser diversity decreases. We also
notice that the variance of the effective SNR decreases
with the number of users thus improving the effective
diversity order.

In order to assess on the interactions of multiuser
diversity and spatial diversity further, we plot in Fig-
ure 6 the CDF of the effective SNR with the “greedy”
(K = 50) and round robin scheduling algorithms for
various spatial diversity orders that arise from trans-
mit diversity only.

It is observed that in the round robin case, as the
size of the transmitter array increases, the steepness of
the CDF slope increases, indicating the increased spa-
tial diversity order. However, with multiuser diversity,
an opposite trend occurs. That is, multiuser diversity
with no spatial diversity outperforms schemes that em-
ploy both multiuser diversity and spatial diversity. Al-
though this result may seem surprising at first, it can
be explained as follows. The “greedy” scheduler takes
advantage of the peaks in the Rayleigh fading channel.
The spatial diversity order of the STBC does not only
reduce the probability of having deep fades but also the
probability of having constructive peaks, thus limiting
the benefits that could be achieved by multiuser diver-
sity. In other words, while the performance of STBC
schemes with multiple transmit antenna elements and a
single receive antenna element is bounded by AWGN re-
sults, schemes with multiuser diversity can outperform
those of a single input single output AWGN channel.
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Figure 6: CDF of effective SNR with and without 50-

fold multiuser diversity; nR = 1

Figure 7 illustrates the CDF of schemes that em-
ploy multiple antenna elements at the receiver. It is
observed that the receive diversity provides antenna
aperture gain that shifts the curves by 3 and 6 dB,
for the 2 and 4 receive antenna elements, respectively.
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Figure 7: CDF of effective SNR with and without 50-

fold multiuser diversity; various array sizes

In the “greedy” mode, it is observed that although
the slope of the 4Tx-4Rx configuration may be steeper
than the slope of the 1Tx-4Rx configuration, schemes
with multiuser diversity would perform better in the
case of smaller spatial diversity order.
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V. CONCLUSIONS

The impact of multiuser diversity on the performance of
space-time block codes was investigated. Two schedul-
ing algorithms, known as the “greedy” and round robin
approaches, applied different protocols for the trans-
mission of packets to users in the service area. The
“greedy” scheduling algorithmwas shown to yield multi-
user diversity, enhancing the averaged effective SNR.
It is shown that the multiuser diversity does not only
reduce the variance of the effective SNR but also en-
hances its mean value. Moreover, spatial diversity is
shown to eliminate the peaks of the Rayleigh fading
channel, thus limiting the performance gain that could
have been achieved by the multiuser diversity mecha-
nism.
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