ChaEter 8: AEI:_)Iications of Weak FIP

“Two roads diverged in awood, and |,
| took the one lesstraveled by,
And that has made all the difference.”
- R. Frost, The Road Not Taken

In a cognitive radio network, each cognitive radio repeatedly makes choices that impact
the evolution of the network state. But unlike Robert Frost, cognitive radios may have the
chance to make the same choice again and again if play does not converge. However, in
networks that can be modeled as a game with weak FIP, there always exists at least one
choice that “makes all the difference” and adaptations will lead to an NE.

In Chapter 4, we identified weak FIP as a critica property for the convergence of
cognitive radio networks. Specifically, we asserted that without weak FIP, a cognitive
radio network could not be guaranteed to converge to an NE if the radios are making
myopic individualy rational adaptations under round-robin or random timing. However,
for games with weak FIP there always exists some improvement path that leads to an NE,

so this repetition must come to an end in a game with weak FIP.

While we have made an extensive discussion of FIP (which implies weak FIP), we have
not discussed any specific techniques for identifying when a network has weak FIP
without FIP nor have we presented any cognitive radio applications of weak FIP. This
chapter addresses these shortcomings and discusses a readily identified game model that
can be used to establish that a game has weak FIP (Section 8.1 — Supermodular games),
and two cognitive radio applications where weak FIP occurs — ad-hoc power control
(Section 8.2) and sensor network formation (Section 8.3). For practical considerations,
this chapter does not provide the same deliberate presentation given in the preceding
chapters. However, the most widely applicable insights into how to identify when a
cognitive radio network has weak FIP are covered — demonstration that the game is a

finite supermodular game and identification of an everywhere convergent improvement
path..
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8.1 Supermodular Games

A normal form game, G=(N, A{u}) is termed a supermodular gameif the action space

forms a lattice and the utility functions are supermodular. A partially ordered set, X, is

termed a lattice if for al a,bl X, aUH X and aUbl Xwhere aUb=sup{a,b} and
aUb=inf{ab}.A function f:X ® Rwhere X is a lattice, is termed supermodular if

foral a,bl X, f(a)+f(b)£ f(aUb)+f(aUb).

8.1.1 Model Identification

While the definition may seem complicated, a game can be identified as a supermodular
game if al players utility functions satisfy the relationship given in (8.1) and the action
gpace is compact subset of rea space [Milgrom 90]. Such a game is called a smooth
supermodular game

Tu (a)

30'j1iT N 8.1
fafa J (8.1)

8.1.2 Steady-states

As shown in [Topkis 98], the best response function for a supermodular game is a
monotonic function of a, i.e, a'3 a’p é(al) 3 é(az) . By Tarski’s fixed point theorem
given in [Topkis_98], monotonic functions on a compact space (not necessarily convex)

have a fixed point. Thus the best response function for a supermodular game has a fixed

point, which implies the game must have at least one NE.

By [Topkis 98], dl NE for a game form a lattice. While this does not particularly aid in
the process of initialy identifying NE, from every pair of identified NE, eg., @ and b,
additional NE can be found by evaluating a' Ub" and a" Ub" . In general, NE
identification for a supermodular game has to proceed as it did in Chapter 4 — by

simultaneously solving the system of best response equations for fixed points.
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More usefully, it is possible to establish a condition where a supermodular game has a
unique NE by leveraging the Standard Interference Function of [Yates 95] which is an
example of a monotonic best response function. This novel result turns out to be very

useful for convergence and stability properties of supermodular games.

Theorem 8.1: NE Uniqueness in a Supermodular Game (*)
Given a supermodular game with a real convex compact action space, suppose the best

response function satisfies the following corditions:
1. Uniqueness- {1 A:u (b, a,)% u(a,a,)"al A} isasingleton for al a.
2. Positivity - B(a) >0
3. Scalability—For al a >1, aB(a) > B(aa).

then the game has a unique NE.
Proof: (Paralleling the proof in [Yates 95] that the Standard Interference Function has a
unique fixed point) By Tarski’s fixed point theorem, an NE exists for this game. Now

suppose that a and b~ are both fixed points. By positivity, we know that & >0 and
h' >0 foral iT N. As these are distinct fixed points, there must be some a >h’ (or
some by >a’, simply interchange the following comparisons). By scalability, there exists
a>1suchthata) aa 3ab andb) for some i b =aa . Then by the monotonicity of
B and the scalability property, it must hold that b = B (b')£ B (aa’)<aB (a')=aa’,a

contradictionas b =aa; .

8.1.3 Desirability

In general, little can be said about the desirability or optimality of a supermodular game’s
NE. However, as we saw for potential games in Chapter 5 an NE in a supermodular
game whose utility function satisfies (8.1) can be adjusted by introducing any additive
self-motivated function.

8.1.4 Convergence

By [Friedman_01], finite supermodular games have wesk FIP, i.e., from any initial action
vector, there exists a sequence of selfish adaptations that lead to a NE. Thus the
convergence results of Chapter 4 for games with weak FIP apply to supermodular games.
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A variation on the ssimultaneous best response algorithm is presented in [Milgrom 90]
wherein the players follow what is termed an adaptive dynamic process. In an adaptive
dynamic process, al players play a best response to some arbitrary weighting of recent
past actions by other players.

Definition 8.1: Adaptive dynamic process ([Milgrom_90] (A6))

Formally, a decision rule is defined as an adaptive dynamic process if "t 1 T there
exigsa t'T T suchthat " t3t', d,(a')l U(gnf(P(t ,t)),sup(P(t ,t))H)where P, 1)
denotes the action tuples observed between timest” and t, U(a) is the list of undominated
responses to a for each player, and U (a) = §nf (U (a)).sup (U (a) -

The corollaries to Theorem 8 in [Milgrom 90] show that a smooth supermodular game
following an adaptive dynamic process with any timing converges to a region bounded
by the Nash equilibrium lattice and that iterative elimination of dominated strategies
converges to aregion defined by the Nash equilibrium lattice. Note that when the NE is

unique, the adaptive dynamic process converges to the NE.

8.1.5 Stability (*)

In generd little can be said about the stability of a supermodular game. However, if the
best response function satisfies Theorem 8.1, then the unique NE will be asymptotically

stable under best response decision rules with any timing with a Lyapunov function given

by L(a)=a - a] - the same Lyapunov function we defined for the standard interference

function. This can be quickly verified by noting that the best response decision rule is
monotonic under any timing [Topkis 98] and the uniqueness of the NE implies that every
adaptation must bring the network closer to the NE. Interestingly, this implies that the
best response function decison rule in a supermodular game congtitutes a pseudo-

contraction — atopic covered in Chapter 3.
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8.2 Ad-hoc Power Control!

As we showed in Chapter 5, when cognitive radios distributed implement power control
at a single cluster head where each radio is guided by the utility function given in (8.2),

the system forms an ordinal potential game.

u (p)=-16- —— 9P J (8.2)
1/Ksa gmﬂﬁ

K N\

Unfortunately, this result is not so easily extended to ad- hoc networks. Y et, we can still
establish broad convergence and stability results for target-SINR power control

algorithms in ad-hoc networks.

[Neel 05], considers the analysis of distributed power control in an ad hoc network
where each link, j, varies its transmit power in an attempt to achieve a target SINR, g,
measured in dB. This scenario can be thought of as analogous to the fixed assignment
scenario presented in [Yates 95]. Indeed this analysis can be considered an extension of

[Yates 95] to ad-hoc networks with additional consideration given to stability.

8.2.1 Stage Game Model

Based on the preceding discussion, a normal form stage game can be formulated as
follows.
Player Set N — Set of decision making links

Player Action Set Aj — The real convex, compact set of powers, €0, pi*™ g where
p;" is the maximum transmit power of cognitive radio j. The action space,

Al R",isgivenby A=A" A - A.

Utility — An appropriate action based utility function for atarget SINR (dB)
algorithm is given by (8.3) where g, isthe SINR target of cognitive radio .

! Thistext is taken from [Neel_06].
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Here, communications theory provides the necessary connection between action and
outcome as SINR. Using the notation we presented in Chapters 3 and 5, in a network, N,
of cognitive radios the SINR of the signal transmitted by j and received by its node
(radio) of interest measured in dB is given by (8.4) where gy is the effective fraction of
power transmitted by node k that is recelved at j’s node of interest (receiving end of |'s
link) and N; is the noise at the receiving end of link j.

g, =10l0g,,(g, p,)- 1010G,0¢ & Gy P +N, -(dB) (84)

ki N\j

8.2.2 Analysis

In [Altman_03] it is claimed that the cellular fixed assignment scenario of [Yates 95] on
which this ad-hoc network model is based is supermodular. The following paralels the
analysisin [Neel _05] where we showed that this stage game constitutes a supermodul ar
game for an ad-hoc network.

A stage game can be shown to be a smooth supermodular game by applying the second
order conditions we presented in Section 8.1. First, notice that the action space forms a
complete lattice (compact subset of Euclidean space). Then evaluating the second

derivative with respect to p; and px where k is any cognitiveradio ki N\ j yields (8.5).2

Tu; (p) _ 2009
P, TPy

8.5
Pic a O¢ P+ N, _In(20) (85)

ek N\j

As(8.5) is strictly positive, the last conditions for a smooth supermodular game is
satisfied. Accordingly, we know that the network
Has at least one steady state and

2 Note that asgy will not generally equal gjy, this game will not be an exact potential game.
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Converges for synchronous and asynchronous best response algorithms (local
optimization).
As (8.5) is not a function of the target SINRS, each radio can have its own target SINR

and the game will remain a supermodular game.Further, since the best response algorithm

given by (8.6) is a known standard interference function (or equivalently since B
satisfies Theorem8.1), we know the following:
The network has a unique fixed point.
The network achieves the target SINR vector with the smallest possible power
vector (when the SINR vector is feasible).
A Lyapunov function is given by the distance between the current power vector
and the fixed point.
5 g 9

B, (p)=p,=* P} = p|

8.6
g, 0 (8.6)

Finally, for a feasible SINR target vector, the unique steady state for this game can be

found by solving the linear system of equations zp = ?

g h, - 0.h, - @J‘mng

where Z:g gzzhznl hz?z 'gz:hzhng , ?=[G.N, G.N, ... QnNn]T, and
€ G - P - N b

5=[p, p, ... p,Jl.Hee h, =g, /Kfor jtkandh =g, .

To determine the desirability of this fixed point, we can consider anetwork design
objective function that seeks the minimum power vector thet provides at least the target
SINR for al links. For this design objective function, the fixed point power vector is
optimal as no smaller power vector achieves the target SINR (assuming the target SINRs
are feasible) because otherwise the smaller power vector would also be a fixed point in

violation of a property of being a Standard Interference Function.
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8.2.3 Validation

Consider the ad hoc network shown in Figure 8.1 where at a particular frequency each
terminal is attempting to maeintain atarget SINR at a cluster head and each cluster head is
maintaining atarget SINR at the gateway node. The signals employed by the radios have
astatistical spreading factor of K.

Figure 8.1: Simulation scenario for ad-hoc power control example
Assuming these devices are adjusting their power levelsin alocally optimal manner, then
the network conforms to the model described in the preceding. Accordingly, we would
expect that any initial power vector would converge to a unique power vector and that
even when corrupted by noise, the system would remain in aregion near this steady state

as the network is Lyapunov stable.

A simulation was constructed for deterministic and stochastic simulation scenarios. The
smulation results for these scenarios are shown in Figure 8.2 and Figure 8.3, respectively.
Note that the locally optimal agorithm rapidly converges to the steady state in both
scenarios and that even in the presence of random noise-induced perturbations, the

network remains in a region around the deterministic steady-state. However, as in
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Chapter 7, adaptations could be further smoothed by introducing a threshold to the
decision rule. Further, rather than the best response decision rule employed in this
simulation, the radios could also be implementing an averaged best response (a particular

example of an adaptive dynamics process).
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Figure 8.2: Noiseless simulation. Figure 8.3: Noisy simulation.

8.3 Sensor Network Formation (*)

Consider a network of sensors collecting information and charged with transporting the
information back to some data base (the information sink). It is frequently more efficiert
(in terms of codt, battery life, coverage, and covertness) for the radios to indirectly
transport their information to the sink. In this example, we study a collection of wireless
sensors which are guided by a desire to transport their data back to a common data sink
(perhaps connected to the IP cloud) balanced against a desire to minimize power
consumption — a term which is assumed to be dominated by transmit power. Because the
sensors contain recording devices, if the cost to transmit is too high, the sensors have the

option of simply storing the data for later retrieval.

Under the assumptiors that forwarding other sensors data is costless and that only a
single sink is present, the following presents a model of this situation and a proof that the
network has weak FIP.
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8.3.1 Model

We can form a game model for this network as follows. We consider the player set to be
the set of sensors (or nodes), N, and assume that each sensor i can form any number of
directional links to the other sensors jT Ni (perhaps via beam forming) and denote a
particular link between from i to j by the symbol ;. Each sensor has an action set, L,
given by the power set of {Iik} "kl N\i (i.e, a sensor can choose to maintain any
combination of linksto other sensors or no link at all.) Each sensor network expresses its
utility as afunction of the network g which isdefined by the set of links implemented by
each player. In general g1 g" where, g" ={l; I" 1, jT N,it j}isthe complete network.
For notational convenience, we also define g; as the set of directed links in g formed by

nodei, i.e, g, :{I".T g}, and g.i asthe set of al linksin g other than g;, i.e,, 9., =g\g;.

Let I* denote a particular link and for lij we refer to i asthe originating node and j as the

terminating node. We say that g :(Il,lz,...,lm) is a path in the network g if the

originating vertex for every |“* isthe terminating node for every 1. We say that i is
connected to | if there exists a path from i toj and refer to this path as ij. If i is connected
to j via a path consisting of a single link, then we say that i is directly connected to j and
refer to the single link as a direct connection. If i is connected to j yet there exists no
direct connection between i and j, then we say that i is indirectly connected to j. We say

that g isa connected network if every i1 Nisconnected to every ji N .

One particularly useful utility function model for sensor network formation is the link
connections model. Originaly, introduced in [Jackson 96], a dightly modified network

valuation function for the link connections mode! is given by (8.6)

u(g)=>_hdy —> clly) (8:6)

jeNNi ljeg
where by is the benefit i receives for being connected to |, d; is a hop decay factor

(perhaps reflecting increasing probability of transmission failure as the length of a

connection increases from queue overflow or link failures) between i and j, tj is the
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length of shortest path between i and j, with tjj =¥ when no path exists, and c(l;;) is the

cost to sensor i of forming link [;.

This cost parameter could be smplified as c(ljj) = ¢; where each player has a cost that is
applied across all local links. This situation is encountered when cost is a function of

transmit power and the nodes can only select a fixed transmit power for al links. Another
appropriate choice of cost parameter is c(l;)=ad(l;)" where d(l;) is the Euclidean

distance between i and j, n is the path loss exponent, and a; is the free space loss factor.
This can be used to model situations where a particular received power must be achieved
at the terminating end of a link and the environment has a uniform path loss model. In
general, however, c(l;) will vary by link in a sensor network due to various obstructions

that may make the signa propagation environment non- uniform.

For a sensor network we assume there exists some ki N (the sink) such that for all

iT N\k b, =band b, =0"jT N\K, i.e, there is one and only sensor to which every

other sensor assigns a benefit of being connected. For this example we assume d=1 so no
information degradation occurs over multiple hops - a reasonable assumption with

sufficiently large queues and sufficiently long periods of time for retransmissions.

8.3.2 Steady-states

The study of retwork formation in game theory (primarily social network) is somewhat
unique in the sense that numerous network stability concepts have been introduced.
These include Nash networks pairwise stability, link deletion proofness, and link
addition proofness. For this example where we are assuming that each sensor can
arbitrarily change its links with each adaptation the concept of the Nash network is the
most natural equilibrium concept.

Definition 8.2: Nash Network
A network, g, is a Nash network if for every node iT N, u (g,.9.,)%u(g'g.;) for all

gl L.
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In other words, a Nash network is a network where no node can improve its payoff by

unilaterally altering any combination of its links.

Determining if and when a Nash network exists for this model of sensor network
formation can be best done by simultaneously establishing aconvergence condition
performed in the following section. However, we can make some characterizations about
the topology of any Nash retwork because we know that each sensor’s best response is
either asingle link or no link (the utility function expresses no benefit for maintaining a
redundant path). Thus in a Nash network, no paths branch (as that requires two outbound
links) and ro paths lead out from sink (as that would be costly to the dnk without any
benefit). Thus for this model of sensor network formation, all Nash retworks lack cycles

— paths such that some sensor i isindirectly connected to itself.

8.3.3 Convergence

To establish convergence of this sensor network to a Nash network we demonstrate that
when the radios implement best response decision rules under round-robin timing, the
network must progress through a sequence of readily characterized networks concluding
in a Nash network. The first network we consider in this sequence is a trimmed network.

Definition 8.3: Trimmed network (*)
A network, g, is said to be a trimmed network if all sensors maintain no more than one
link.

Now consider any initia distribution of links and what happens after every sensor has

had a chance to implement its best response.

Theorem 8.2: Convergence to a Trimmed Network (*)

After a complete round-robin best response, any starting network must be in a trimmed
network.

Proof: As there is no benefit to maintaining multiple links, the best response for every
sensor is a single link or no link. So after each node has fad a chance to play its best
response, each node must have a single link or no link.

To further the convergence analysis, we must establish that certain paths are not

contained in the network.
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Definition 8.4:Poison path (*)
A path is said to be a poison path if it is a profitable path for some sensor j but is not
profitable for some sensor after j in the path.

With a poison path in the network, the network cannot be a Nash network as at least one
sensor will have to adapt. Futher, other sensors may make adaptations which will have to
be later reversed because of the unstable path to the sink. Fortunately, poison paths
quickly disappear from any sensor network under round-robin best responses.

Theorem 8.3: Withering of Poison Paths (*)

For d=1, trimmed sensor networks playing a best response do not create new poison

paths.

Proof: With a trimmed sensor network and d=1, creating a new poison path implies that a
path exists to the sink such that some sernsor has added a link where the cost outweighs
the benefit. However, not playing any link is strictly preferable to creating such a link so
creating a poison path cannot be a best response so a new poison path cannot be created.

With no poison paths being created, it is valuable to consider the situation where all

poison paths are eliminated the network, a condition we term a pruned network.

Definition 8.5:Pruned network (*)
A network g isapruned network if it contains no poison paths.

Starting from an arbitrary network, we can show that the sensor network rapidly

converges to a pruned network.

Theorem 8.4: Convergence to a Pruned Network (*)

Starting from any initial network, the finite sensor network with d=1 is pruned after the
first best-response round-robin and remains pruned thereafter.

Proof: After the first round, the network is trimmed and no node maintains a link whose
cost outweighs the potential benefit of having a path to the sink (if it did, then it would
not be preferable to not playing a link implying the network is not trimmed). As thisis a
requirement for a poison path in a sensor network, no poison paths can exist and the
network is pruned.

While there may not be any poison paths after the first complete round-robin, there may
be sensors which do not have a path to the sink either because the sensor has no links or
that one of its paths was broken when an unprofitable link was eliminated. Some portions

of the network, however, may have positive utility.
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Definition 8.6:Healthy network (*)
A healthy network isapruned network in which every sensor has positive utility

In genera, the sensors in a healthy network constitute a subset of N and the number of
sensors in a healthy network is a nondecreasing sequence for round-robin best responses.
For this sensor network, membership in the healthy network implies a path to the sink as
such a path is required for positive utility.

Theorem 8.5: Healthy Network Stability (*)

For d=1, al sensors in a healthy network remain in a healthy network when playing a
round-robin best response (or better response) to a pruned network.

Proof: A sensor falls out of a healthy network if it choosesto disconnect or a sensor
ahead of it in its path to the sink disconnects. As disconnecting drops the sensor’s utility
to O (or worse), thisis never preferable as membership in the healthy network implies
positive utility. Further no downstream sensor will profitably disconnect as thisimplies
the existence of a poison path which contradicts the assumption of a pruned network.

We can make an interesting characterization of the sensor network after one round of best

responses to the pruned network.

Theorem 8.6: Sensor Network Link Characterization (*)

After the first round of best responses to a pruned network, each sensor in the network is
either in a healthy network or has no links.

Proof: By Theorem8.5, once a sensor is part of a healthy network, its best response is to
remain part of the healthy network. If it is not part of the healthy network and joining the
healthy network would yield a positive utility, then the best response isto join the
network. If a sensor cannot profitably join the healthy network, then utility is maximized
when no link is implemented.

For those sensors in the healthy network, we can establish a convergence condition.

Theorem 8.7: Health Network Monotonicity (*)
For d=1, dl finite healthy networks converge to a Nash Network when following a
round-robin best response.

Proof: Consider the function f (g)=§ u, (g).Asall sensorsin the healthy network, H,
iiH

have a path to the sink, any better response adaptations (which are assured of preserving

H by Theorem8.5) are taken only if it decreases the sensor’s cost. For d=1 this adaptation

causes no change in the utilities of the other sensors in H so f(g) is a nondecreasing
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function on a finite action space play must converge. Note that any profitable deviation
increases the value of f.

We can then extend this result by incorporating the movement of sources into the
heal thy-network.

Theorem 8.8: Pruned Network Convergence(*)

For d=1, dl finite pruned snsor networks converge to a Nash Network under a round-
robin best response.

Proof: By Theorem 8.6 after its first round-robin best response, pruned sensor networks
consist of nodes either in H or disconnected. By Theorem 8.7, nodes in H converge to a
Nash network. When profitable, nodes from not in H transition to H (and thus converge).
Nodes not in H that can never profitably join H remain disconnected and thus are at their
steady- state once disconnected.

Then combining this result with the earlier theorem, we can show that al finite sensor

networks with agoa given by (8.6) and d=1 converges to a Nash Network

Theorem 8.9: Arbitrary Network Convergence (*)

For d=1 the sensor network scenario converges to a Nash network under a round-robin
best response from every starting network.

Proof: By Theorem 8.6, every initial network necessarily converges under a round-robin
best response to a pruned network. By Theorem 8.8 a finite pruned network necessarily
converges under these conditions.

We can also characterize when a round-robin best response will result in a Nash network

with no disconnected sensors.

Theorem 8.10: Guaranteed Paths to Sink (*)
Suppose it is possible to number the sensors such that c(I k,k_l) < b with the sink as sensor
0 and d=1, then the round-robin best response network will converge to a network where

all sensors have paths to the network.
Proof: Assume any initial distribution of links. After a single round of best responses, the

network is a pruned network. As we assumed c(llyo) <b, the next best response of sensor
1 must place sensor 1 in the healthy network if it was not already. Likewise if node k isin

H then node k+1 will join in its next iteration (if not before). By induction, all sensorsin
finite N must eventually join H implying that every sensor has a path to the sink.

Explicitly returning to the topic of this chapter, Theorem 8.9 supplies the sufficient
condition to establish weak FIP.
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Theorem 8.11: Sensor Networks and Weak FIP (*)
For d=1 the sensor network scenario has weak FIP.
Proof: Theorem 8.9 provides the requisite improvement path.

As Theorem 8.9 implies convergence from the empty network (which is a pruned
network) and Theorem 8.11 implies that asynchronous timing can be employed with best
response decision rules a simple algorithm for autonomous sensor network formation can
be written.

| Algorithm 8.1: Sensor Network Formation I

I I
1 D) When first deployed, let all sensors (including the sink) in the network broadcast |
I
I

I' 2) Because it is at a common level, the initial signal should be sufficient for each sensor !
I I

1 to calculate link gains to each of its detected sensors and thus the required transmit power |

: signals at the same power level.

| . . . . . .
; to communicate and to estimate link formation costs Let each sensor maintain the set

: N5 which is initidized to the set of sensors for which i's cost of link formation is less

: than the benefit of a path to the sink.

I 3) At intervals determined by a random timer, each sensor i pings each sensorsin its N"“

: to request its path to the sink, if one exists.

. 4) The pinging sensor either adds or switches a link to the lowest cost sensor that reports
a path to the sink that does not pass through the pinging sensor and drops from N*“ al

I
I
I
: sensors whose costs are greater than or equal to chosen link (thus there is no need to ping
I the sensor on the other end of the implemented link).

I

1 5) If N =/E, the sensor is done as it has found its lowest cost path to the sink.

: Otherwise each sensor continues again from step 3) until the random timer has triggered a

: predetermined number of times in which case the sensor terminates this algorithm.

Because the system has weak FIP, rather than choosing the lowest cost link, each sensor
could aso be randomly choosing links and keeping those that improve its payoff.
However, the best response dgorithm should converge faster than the random better

response agorithm.
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8.4 Conclusions

This chapter introduced two different techniques for identifying when a game has weak
FIP — showing that the game is a finite supermodular game and showing that there exists

convergent improvement paths from all network states.

8.4.1 Analysis Summary

This chapter primarily considered the application of supermodular games to the analysis
of cognitive radio networks. It was seen that a supermodular game always has at least one

NE and that the NE of a game would form a lattice. However, identifying a supermodular

A

game's NE requires that we solve the system of equations a’ = B(a*) as we did in
Chapter 4. By leveraging a relationship between standard interference functions and
supermodular games, we established a novel condition on é(a) that ensures the

unigueness of an NE in a supermodular game and allows us to introduce a Lyapunov
function for best response decision rules. Via adaptive dynamics, we also know that if the
radios play best responses to observations over afinite history, a supermodular game will

converge.

We then confirmed the claim in [Altman_03] that target SINR power control games are
supermodular games by applying the concept of smooth supermodular games and
extended this result to ad-hoc networks. As the power control game satisfied the
condition to have a unique NE, the game has a Lyapunov function and is also stable.
While a single reactive decision rule was simulated, the adaptive dynamics result of
[Milgrom_90] informs us that the best responses also could have been based on previous

observations as long as afinite history is employed.

We also studied sensor network formation and showed that for d=1 the network has weak
FIP. Unlike previous efforts, this relied on demonstrating that that from every action
vector there exists an improvement path that converges to an NE. In general such an
approach is not as dstraight forward as evaluating the second order conditions of

supermodular games or potential games as evidenced by the seven theorems that had to
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be introduced to show convergence. However, game theory allows us to quickly identify

other convergent decision rules based on the existence of weak FIP.

8.4.2 Design Implications

To an extent, supermodular games are closely related to the procedural analysis we
performed in Chapter 3, particularly pseudo-contractions and standard interference
functions. Partly this is because unlike potential games, not al myopic self-interested
decision rules are guaranteed to converge under weak FIP or with a supermodular game
and more specific decision rules have to be employed. Because of this limitation,
cognitive radio networks which are supermodular games will generally not be appropriate
for most ontologica radio implementations. Instead, a cognitive radio should implement
a specific decision rule such as its best response or a random better response (for finite
supermodular games). In either case, this is best performed with a procedura radio
though we see again that weak FIP implies that cognitive radios with properly designed

random decision rules, e.g. a genetic algorithm cognitive radio, will be suitable.

As a properly best response algorithm will converge faster than a random better response,
it is seen again that cognitive radios should incorporate the ability to perform scenario
classification so that when a known scenario is encountered the best response algorithm
can be employed and when an unknown scenario is encountered the cognitive radio uses

arandom better response as it converges under the broadest range of conditions.

As we saw in previous chapters, once we establish that a network satisfies a particular
game mode, it istrivial to develop low complexity convergent cognitive radio algorithms,
as anaysis of the game model in this document and elsewhere have yields lists of
convergent algorithms. As was the case for both the power control and the sensor
network formation examples, many of these algorithms are low complexity and well
suited for use in rapidly deployed networks.
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