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Game Theory: Purpose

Game Theory is a part of (applied) mathematics that
describes and studies interactive decision problems.

In an interactive decision problemthe decisions
made by each decision maker affect the outcomes and,
thus, the resulting situation for all decision makers
involved.

Game theory evolved from recreational mathematics
(Borel, Zermelo) and the mathematical economics of
general equilibrium analysis (von Neumann, Wald,
Menger). The foundations were provided by von
Neumann (1928), von Neumann and Morgenstern
(1944), and Nash (1950, 1951 and 1953).
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Game Theory: Purpose

Game theory consists of a set of mathematical tools
that
1. describeand
2. analyze
the interactive decision situations at hand.

Interactive decision situations are calledgames.

The decision makers within a “game” are called
players.
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Game Theory: Branches

Non-cooperative Game Theory
Extensive form games
Strategic or normal form games

Cooperative Game Theory
Transferable utilities (think “money”)
Non-transferable utilities
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Strategic form games

1. Players: A precise description of the decision makers
in the game.
i ∈ N = {1, . . . , n}.

2. Action sets: Each player is assigned a set of decisions
or actions. Each player selectsexactly one action from
his action set.
ai ∈ Ai anda ∈ A = A1 × · · · × An.

3. Payoff functions: Each player is assigned a payoff
function describing his evaluation of the resulting
outcomes in the game.
πi : A → R.
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Strategic form games

A gameis now fully represented in strategic form as

Γ = 〈N, (Ai, πi)i∈N〉

Strategically stable action tuplesa ∈ A within a game are
called “equilibria”.
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Nash equilibrium

â ∈ A is aNash equilibrium of the strategic gameΓ if for
every playeri ∈ N , âi maximizesπi(·, â−i) overAi.

Or, for everyi ∈ N :

πi(â) = πi(bi, â−i)

for everybi ∈ Ai.
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Network formation principles

Links are in principle undirected and formed between
two players inN . A link between playersi andj is
therefore the binary set{i, j}.

A network is given byg ⊂ gN = {ij | i 6= j}, where
ij stands for{i, j}.

Let G = {g | g ⊂ gN} be the class of all (undirected)
networks.

Payoffs to network formation accrue to the players
within the formed network, represented by
ϕ = (ϕ1, . . . , ϕn) : G → R

N .
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Networks: Basics

A networkg ∈ G is Pareto optimal if there is no other
networkh ∈ G such thatϕi(h) = ϕi(g) for all players
i andϕj(h) > ϕj(g) for at least one playerj ∈ N .

A networkg ∈ G is Efficient if it maximizes the total
payoff given byΦ: G → R with

Φ(h) =
∑

j∈N

ϕj(h) for all h ∈ G.

Efficiency implies Pareto optimality.
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Nash networks

Bala and Goyal (2000) base network formation on purely
individualistic considerations:

TheBala-Goyal modelis a gameΓbg such that

Ai = N \ {i} describes the players thati wants to link
with;

If a ∈ A, then the network formed is given by

gα(a) = {ij ∈ gN | i 6= j andj ∈ ai}.

Now the game-theoretic payoff for playeri is given by
πi(a) = ϕi(gα(a)).
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Nash networks

The Nash equilibria in the Bala-Goyal modelΓbg are
known as “Nash networks”.

Bala and Goyal (2000) and follow-up publications
investigated the Nash networks that resulted for different
payoff functions. Familiar architectures that could be
supported arestars, wheels, andempty and complete
networks.
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Nash networks

There are problems with the Bala-Goyal framework:

Consent is not required for link formation. For social
networks, this is unacceptable.

Applications are very limited. Links have to be viewed
as confirmations of existing relationships.
⇒ Applications in engineering?

The payoff functions investigated thus far are rather
unrealistic.

The set of Nash networks can be rather large for
certain payoff structures. On the other hand, Nash
networks certainly do not have to be Pareto optimal.
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Link-based models

Instead of looking at individualistic decisions to make
and break links, we can also look at link-based
considerations. Here the linksij ∈ gN are the primary
unit of investigation and decision making.

A link is brokenwhen an individual player
participating in that link prefers to have it deleted.

A link is created or addedif both participating players
prefer to have it created within the existing network.
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Auxiliary notation

Let g ∈ G be some network. Then we define:

The set of direct neighbors of playeri in g is given by

Nd(i, g) = {j ∈ N | ij ∈ g}.

g + ij = g ∪ {ij} is the network resulting from adding
the link ij to g.

g − ij = g \ {ij} is the network resulting from
deleting the linkij from g.
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Link deletion proofness

A networkg ∈ G is link deletion proof if for every
playeri ∈ N and everyj ∈ Nd(i, g) it holds that
ϕi(g − ij) 5 ϕi(g).

A networkg ∈ G is strong link deletion proof if for
every playeri ∈ N and everyM ⊂ Nd(i, g) it holds
thatϕi(g \ hM) 5 ϕi(g), where

hM = {ij ∈ g | j ∈ M} ⊂ g.
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Pairwise stability

A networkg ∈ G is pairwise stableif g is link
deletion proof and, moreover, for all playersi, j ∈ N :
ϕi(g + ij) > ϕi(g) impliesϕj(g + ij) < ϕj(g).

A networkg ∈ G is strongly pairwise stableif g is
strong link deletion proof and, moreover, for all
playersi, j ∈ N : ϕi(g + ij) > ϕi(g) implies
ϕj(g + ij) < ϕj(g).
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Strong stability

Networkg′ ∈ G is obtainable from networkg ∈ G

through coalitionS ⊂ N if
ij ∈ g′ andij 6∈ g implies that{i, j} ⊂ S, and
ij ∈ g andij 6∈ g′ implies that{i, j} ∩ S 6= ∅.

A networkg ∈ G is strongly stable if for any
coalitionS ⊂ N and any networkg′ that is obtainable
from g throughS it holds that for everyi ∈ S with
ϕi(g

′) > ϕi(g) there exists a playerj ∈ S such that
ϕj(g

′) < ϕj(g).
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Some relational insights

Deletion proofness properties are considered very
weak; they just represent minimal requirements.

Pairwise stability is the corner stone of the work
starting with Jackson and Wolinsky (1996). Models
have been developed by Jackson and Watts (2001,
2002) to identify these networks.

Strong stability implies efficiency and, thus, Pareto
optimality. Strongly stable networks only rarely exist,
but these networks have many appealing properties.
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Comparing properties: An example

Consider the following three player example:

Network ϕ1(g) ϕ2(g) ϕ3(g) Stability
g0 = ∅ 2 2 4 Ds

g1 = {12} 6 4 2 Ps

g2 = {13} 2 2 2
g3 = {23} 0 3 0
g4 = {12, 13} 1 1 1
g5 = {12, 23} 2 6 2
g6 = {13, 23} 5 5 3 P

g7 = gN 7 4 4 S
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Consent and Trust: Principles

We return to game theoretic foundations of network
formation based on individualistic principles. However,
this time we introduce the necessity ofconsent in link
formation.

Consent requires that players develop a form oftrust in
order to create non-trivial networks. Without such trust,
networks would not form and can therefore not be
explained.

Analysis supports the previous claim.
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Consent and Trust: Formalities

Thestandard (consent) modelis a gameΓs such that

Ai = N \ {i} describes the players thati intends to
link with;

If a ∈ A, then the network formed is given by

gβ(a) = {ij ∈ gN | i ∈ aj andj ∈ ai}.

The game-theoretic payoff for playeri is given by
πi(a) = ϕi(gβ(a)).

A network g ∈ G is individually stable if it can be sup-

ported by a Nash equilibrium inΓs.
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Individual stability

A networkg ∈ G is individually stable if and only ifg
is strong link deletion proof for the network payoff
functionϕ.

The empty network is always individually stable.

If ϕ is link monotonic in the sense that
ϕi(g) < ϕi(g + ij) for all networksg and players
i ∈ N with ij 6∈ g wherej 6= i, thenevery network is
individually stable.
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Modelling trust

Let a ∈ A be an arbitrary action tuple. For every player
i ∈ N we define hismyopic belief systemai? ∈ A by

1. for everyj 6= i we let

i 6∈ ai?
j if ϕj(gβ(a) + ij) < ϕj(gβ(a)) and

i ∈ ai?
j if ϕj(gβ(a) + ij) = ϕj(gβ(a)),

2. and for allk ∈ N with k 6= i, j we definek ∈ ai?
j if

and only ifk ∈ aj.
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Modelling trust

An action tuplêa ∈ A is aNetwork Trust
Equilibrium in Γs if for every playeri ∈ N : âi ∈ Ai

is a best response tôai?
−i ∈ A−i for the payoff function

ϕi.

Hence, an NTE is similar to the Nash equilibrium
definition, except that each player bases his actions on
his belief system rather than the actual actions selected
by the other players.

A networkg ∈ G is monadically stablein Γs if it can
be supported by an NTE inΓs.
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Monadic stability

Every monadically stable network inΓs is strongly
pairwise stable.

There is no guarantee that monadically stable
networks exist.

Monadic stability is not related in any fashion to
strong stability.
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Example: Nonexistence

Network ϕ1(g) ϕ2(g) ϕ3(g) Stability
g0 = ∅ 2 2 2 I

g1 = {12} 3 3 0 I

g2 = {13} 5 2 3 I

g3 = {23} 2 3 5 Ps

g4 = {12, 13} 4 1 3
g5 = {12, 23} 1 4 3
g6 = {13, 23} 1 3 6
g7 = gN 3 0 0
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Example: Strong stability

Network ϕ1(g) ϕ2(g) ϕ3(g) Stability
g0 = ∅ 0 0 0
g1 = {12} 0 0 0
g2 = {13} 0 0 0
g3 = {23} 1 1 1 S, notM
g4 = {12, 13} 0 0 0 M , notS
g5 = {12, 23} 0 2 0
g6 = {13, 23} 0 0 2
g7 = gN 2 0 0 M , notS
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Concluding remarks

Network formation requires a balance between
“cooperation” and “competition”. Too much of either
makes the analysis less valuable to understand social
networks.

Engineering applications can be based on Nash
networks or the standard model preferably if it is a
potential game.
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Concluding remarks

What dynamic processes support the formation of
certain stable networks? Many game theoretic
processes seem to have less relevancy in network
environments.

Link to physics literature on statistical mechanics of
social networks: Can game theory contribute to our
understanding of the formation of scale free and small
world networks? What are the defining hypotheses
underlying such models? (Possibly, “social space”.)
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