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Cooperative games

= Let IV be a population of players.
Players are the nodes in a network.

= A cooperative gameon N is a functionv: 2 — R.
Notation:v € U.
A cooperative game assigns to every coalition of
players a collective value, “payoff”, or benefit.

= An allocation rule is a functionY : U — R", which
assigns to every playerce N and game an

allocated payoft’;(v), such that
> _Yi(v) = u(N).
1€N
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Networks

m Links are in principle undirected and formed
between two players iV. A link between players
and; is therefore the binary s¢t, 5 }.

m A network isgivenbyg C gy =115 | i # j},
whereij stands foKi, j}.

mG=1{g]|gC gn}isthe class of all (undirected)
networks.

We do not rule out that these relationships have spillov
effects on the productive relations between other playe

This Is captured by the formal description of such
network benefits.
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Network components

= The networky’ C g is acomponentof g If for all
i € N( "Yandj € N(q¢'), 1 # j, there exists a path
In ¢’ connecting and; and for any; € N(g') and
7€ N(g),y € gimpliesy € ¢'.
In other words, a component is simply a maximally
connected subnetwork gf

= We denote the class of network components of the
networkg by C'(g).
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Disconnected nodes

The set of players that are not connected in the networ
are collected in the set of (fullydisconnected playersn
g denoted by

No(g) = N\ N(g) =1{i € N | Ni(g) = o}.
Furthermore, we define

[(g) ={N(h) | h € C(g)} Ui} | i € No(g)}

as the partitioning of the player sa&t based on the
component structure of the netwayk
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Collective benefits for networks

A (collective) network value functionis given by
v: GY — R such that(o) = 0.

A network value functiorv assigns a total benefit

v(g) € R to the networky € G". The space of alll
network value functions such that/(@) = 0 is denoted
by V.

It is clear thatV" is a (2%”(”—” = 1)-dimensional
Euclidean vector space.
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Value properties

Letv € V¥ be some network value function. We
consider two fundamental properties of such a network
value function:

1. The network value functionis component
additive If v(g) = >y, v(h). Component
additivity immediately implies that disconnected
playersi € Ny(g) generate no value.

2. The network value functionis anonymousif
v(g™) = v(g) for all permutationsr and networks.
Anonymity implies that benefits(g) depend on the
topology of the networlk only.
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Allocation of values

We extend the definition of an allocation rule from the

standard cooperative game theoretic setting to the sett
with networks.

An allocation rule is a functionY : G x V¥ — R¥
such that for every paifg, v) € G x V¥ it holds that

> Yilg,v) = v(g).

1€N
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Egalitarian allocations

Letv € V¥ be component additive. Theomponent
egalitarian allocation rule is defined by

X/z'ce(gv U) —

1
() (1)

whereh; € C(g) such that € N(h;) andh; = @ if there
ISnoh € C(g) such that € N(h).

Under this rule, the value generated by a component is
split equally among the members of that component. T
component-wise egalitarian allocation rule satisfies
component balance.
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Link stability 1

A networkg € GV islink deletion proof (LDP) if for
every player € N and every neighbaoj € N;(g), it
holds thatY;(g — ij,v) < Y;(g,v).

Link deletion proofness requires that each individual
player has no incentive to sever an existing link with or
of his neighbors.
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Link stability 2

A networkg € G* is strong link deletion proof (SLDP)
If for every playeri € N and every set of neighbors

M C N;(g), it holds thatY;(g \ hy, v) < Y;(g,v) where
hi={y€g|jeM}tCy.

Strong link deletion proofness requires that each playe
has no incentive to sever links with one or more of his
neighbors. Obviously, SLDP implies LDP.
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Link Stability 3

A networkg € G is link addition proof if for all
playersi, 7 € N, it holds thatY;(g + 4, v) > Y;(g,v)
impliesY;;(g + 4, v) < Yj(g,v).

Link addition proofness states that there are no
Incentives to form additional links. This is founded on &
process of mutual consent in link formation.
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Palrwise stablility

= A networkg € GV is if it is link
deletion proof and link addition proof.

m A networkg € GV is if it
IS strong link deletion proof and link addition proof.

Strong pairwise stability is a natural link-based stability
concept. Since links require mutual consent, it conside
the addition of one link at a time. However, link deletior
IS unilateral and, hence, it allows for a single player to
delete multiple links at the same time.
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Bad company 1

Consider a three player situation with= {1, 2, 3}. For
simplification of notation we denote the potential links |
this situation as followsa = 12, b = 13, andc = 23.

Hence G" = {@, a, b, ¢, ab, ac, be, abc}.

Leta > 0.
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Bad company 2

We consider an allocation ruké: G x V& — R which
for everyv € V¥ is defined by

Y (@,v) = (0,0,0),

?(@, U) _ (’U(Qa)’ v(;))o)
Y (b, v) = (%b),(), @),
?(C, U) _ (O, ’0(20)7 ’0(20))
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Bad company 3

Y (ab,v) = (v(ab),0,0),
Y (ac,v) =
(—awv(abe), v(ac) — 3(1 — a)v(abe), 3(1 + a)v(abe))

(—aw(abe), 3(1 + a)v(abe),v(be) — 2(1 — a)v(abe))

/N
Q

-
/-\ <
@‘
\_/
DO —

,5(1+ a)v(abe), (1 + a)v(abe))

Note thatY” is component balanced.



Bad company 4

If v € VY suchthat v(g) > 0 for every g # &,
then the network ¢* = abc I1s link deletion proof, but not

strong link delet
ruleY'.

lon proof, with respect to the allocation

The claim states that without the possibility of a player
remove multiple of his links simultaneously, he might g

stuck with “bac
like to remove
but using LDP

company”. Indeed, here player 1 woulc
nis links with player 2 as well as player
ne can only remove at most one of thes

two links. Under SLDP player 1 is able to remove both
links and improve his situation.
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Boundedness of payoffs

Proposition

Let v be a component additive network value function
andY be a component balanced allocation rule. Then
there exists som& > 0 such thad < Y;(g,v) < V for
every strong link deletion proof networke G and
every player € N.
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Critical links

Alink ij € g € GV is in the networky if

#T(g) < #T(g — i)

Leth € C'(g) denote a component that contains a critic.
link in the networkg € G" and leth; C h andhy C h

denote components obtainec
critical link. (Note that it may
ho = &.)

frégnby severing that

ne the case that= @ or
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Critical link monotonicity

The pair(g, v) satisfiecritical link monotonicity if for

any critical linkéj € h with h € C(g) and the two
associated componenits andh, of h — 77, we have that

v(h) v(hy) ”U(hg):|
n(h) n(h1)’ n(hs)

v(h) = v(hi) +v(he) =

>max[
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Jackson-Wolinsky theorem

If the networkg € G is maximal relative to a

component additive € V¥, theng is pairwise stable
with respect to the component egalitarian allocation rul

Y “¢ relative tov if and only if (g, v) satisfies critical link
monotonicity.

MPRG Lecture — March 24, 2004 — p. 2



Middleman positions

A player: € N has amiddleman positionin the
networkg € G" if there exists some set of links

h* C L;(g) under the control of playerin g such that
there are at least two distinct playegisj> € N\ {i} who
are connected ip and who are not connectedgn A*.

A player with a middleman position in a netwogls
denoted as aniddlemanin g.

The set of middlemen in the netwogkis denoted by
M(g) C N.
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Remark on middlemen

Letn > 3 and letg € G be some network with

# C(g ) = 1. Now, ¢ € M(g) if and only if playeri € N
controls a critical link seb* C L;(g) such that exactly
one of the following properties holds:

w7 Cg\h")>#Clg) =
m#C(g\ h") =1and there is some player
j € N\ Ny(g) such thaty € Ny(g \ h*), and

=#C(g\h')=0andNo(g\ h*) = N.
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Middleman security

A pair (g,v) € GY x V" is middleman secureif for
every component € C'(g), every middleman € M (h),

and every critical link set* C L;(h) for middleman
we have that

. v Tz)
i=1 n(h) n(ﬁf

whereC (h \ h*) = {hy, ho, ..., hm} andh € C(h\ h*)
such that € N(

S)
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Implication

Proposition

Letv € VY be nonnegative in the sense théy) > 0 for

all g € G". If (g,v) satisfies middleman security, then
(g, v) satisfies critical link monotonicity as well.
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Maln result

If the networkg € G is maximal relative to a

component additive € V¥, theng is strong link
deletion proof with respect to the component egalitaria

allocation ruleY “¢ if and only if (¢, v) is middleman
secure.
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Corollary

If ¢ € G" is maximal relative to a nonnegative and

component additive € VY, theng is strongly pairwise
stable for the component egalitarian allocation fifé if
and only if (g, v) is middleman secure.
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Middleman-free networks

A networkg € G" is calledmiddleman-free if

M(g) = @. Hence, in a middleman-free network there
are no middleman positions.

Proposition
A networkg € G is middleman-free if and only if for

every network value function ¢ V¥ the pair(g, v) is
middleman secure.
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Middleman-free theorem

If ¢ € G" is middleman-free as well as maximal relativi
to a nonnegative and component additive V%', theng

IS strongly pairwise stable for the component-wise
egalitarian allocation rul& .
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Concluding questions

= |s the collective benefit model combined with the
component egalitarian allocation rule useful in the
context of ad-hoc wireless networks?

= Given that, what is the role of critical links and
middleman positions in such wireless networks?

= Finally, can the main results be applied to the
analysis of these wireless networks?
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