
3182 IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 56, NO. 5, SEPTEMBER 2007

NLOS Mitigation Using Linear Programming in
Ultrawideband Location-Aware Networks
Swaroop Venkatesh, ������� ���	�
� �


, and R. Michael Buehrer, �����
 ���	�
� �




Abstract�In this paper, we propose a linear-programming (LP)
approach to the problem of nonline-of-sight (NLOS) mitigation
in ad hoc ultrawideband wireless networks. The locations of
�unlocalized� nodes can be estimated using range or distance
estimates from location-aware �anchor� nodes. In the absence of
LOS between the unlocalized and anchor nodes, e.g., in indoor
networks, the NLOS range estimates can be signi�cantly biased.
The direct incorporation of these biased range estimates into
practical location estimators, such as the least squares estimator,
without the mitigation of these bias errors, can potentially lead
to severe degradation in the accuracy of node-location estimates.
On the other hand, with certain geometries of anchor nodes,
NLOS range estimates can be used to improve the accuracy of
location estimation. Furthermore, discarding the biased range
estimates may not be a viable option, as the number of range
estimates available may be limited. We present a novel NLOS-bias
mitigation scheme based on LP, that 1) allows us to incorporate
NLOS range information into location estimation, but 2) does not
allow NLOS bias errors to degrade node-localization accuracy.

Index Terms�Line of sight (LOS), location estimation, mobile
ad hoc networks, non-LOS (NLOS) environment, time-of-arrival
(TOA) estimation, ultrawideband (UWB), wireless networks.

I. INTRODUCTION

THE ENVISIONED applications for �� ��� wireless net-
works increasingly rely on the automatic and accurate

location of deployed terminals or nodes, and as a result, there
is a rapidly increasing demand in location-based functionality.
In sensor networks, particularly for environmental applications
[2] such as water-quality monitoring, precision agriculture, and
indoor air-quality monitoring, the available sensing data may
be rendered useless by the absence of accurate sensor-location
estimates. The availability of accurate location estimates of
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nodes in wireless ad hoc networks can help reduce configura-
tion requirements and device cost in addition to enhancing per-
formance in communication [3] and routing [4]. Additionally,
accurate location estimation or “localization” enables applica-
tions such as inventory management, intrusion detection [5],
and traffic monitoring. Furthermore, tracking networks [6] have
numerous applications such as locating emergency workers in
buildings [7], command-and-control of military personnel, and
the guidance of robots in remote or hazardous locations.

The design of such �� ��� “location-aware” networks typi-
cally requires the capability of peer-to-peer range or distance
measurement [8]. A node whose location is unknown can esti-
mate its location based on range measurements from location-
aware “anchors,” whose locations are known or estimated
� �
��
�. Range estimates from anchor nodes can be obtained
using received-signal strength (RSS) or time-of-arrival (TOA)
estimation techniques [8], [9]. Impulse-based ultrawideband
(UWB) or impulse radio is an excellent physical-layer solution
for indoor location-aware networks [10], [11] due to its robust-
ness in dense multipath environments [12], its ability to fuse
accurate position location with low-data-rate communication
[6], [9], and its covertness for tactical applications. Due to the
fine time resolution afforded by UWB signals, the estimation of
distances between nodes in UWB networks typically relies on
the estimation of the TOA of either the earliest [9], [13], [14] or
the strongest [15] multipath components. Localization accura-
cies on the order of tens of centimeters have been demonstrated
in line-of-sight (LOS) scenarios for UWB TOA-based ranging
and positioning applications [9], [14].

However, in dense multipath propagation environments, par-
ticularly indoors or in urban scenarios, the LOS path between
nodes may be obstructed, as illustrated in Fig. 1(a). As a result,
in non-LOS (NLOS) conditions, TOA-based range estimates
are positively biased with high probability, since the first ar-
riving multipath component travels a distance that is in excess
of the true LOS distance. A similar effect is seen in the case of
RSS-based range estimates, where the received-signal power is
reduced due to the obstruction of the LOS path. These effects
result in range estimates that are often much larger than the true
distances, and therefore, in NLOS scenarios, the accuracy of
node-location estimates can be adversely affected.

The problem of location estimation with biased NLOS range
estimates has been considered before, mostly in the context of
cellular communications [16], [17], where it has been shown
that the bias errors in NLOS range estimates lead to large
errors in the computation of a node’s location. Similar obser-
vations have been made with UWB signals [15], where it was
demonstrated that the NLOS bias errors can be on the order
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Fig. 1. (a) NLOS problem: In the absence of LOS in TOA-based ranging between two nodes � and �, the estimated range is larger than the true distance
between � and �. (b) Hypothesis testing of the rms delay spread for the nature of the UWB channel: The histogram of the rms delay spread for the LOS and
NLOS scenarios. We see that, since the probability density function of the rms delay spread for the LOS and NLOS cases are well separated, the performance of
NLOS identification using this approach is not sensitive to the value of the threshold selected.

of several meters and are typically much larger than the range-
measurement errors in LOS scenarios.

Broadly speaking, the literature on the NLOS problem falls
in two categories: NLOS identification and NLOS mitigation.
The former deals with the problem of distinguishing between
LOS and NLOS range information, whereas the latter typically
deals with the reduction of the adverse impact of NLOS range
errors on the accuracy of location estimates, assuming that the
NLOS range estimates have been identified. Several statistical
NLOS-identification techniques [18] for cellular systems have
been discussed previously, which exploit prior knowledge of
NLOS delays [19] and a series of measurements to reduce the
bias in NLOS range estimates. In the case of UWB signals, LOS
and NLOS signals can be identified by quantifying the temporal
dispersion in received-signal energy [12]. UWB measurements
results indicate that [12], [20] NLOS signals tend to have
much higher values of delay-spread statistics, such as the rms
delay spread and mean-excess delay. Given the received-signal
samples [12], [21], we can distinguish between LOS and NLOS
signals by “hypothesis testing” [22] the delay-spread statistics,
as illustrated in Fig. 1(b). Consequently, in this paper, we focus
on the problem of NLOS mitigation, assuming that we are
able to accurately distinguish between LOS and NLOS range
estimates.

Equipped with the ability to perfectly distinguish between
LOS and NLOS range estimates, the Cramer–Rao lower bound
(CRLB) analysis presented in [23] and [24] characterized
the performance of the minimum-variance unbiased estimator
(MVUE) [22] of a node’s location, given a mixture of (unbi-
ased) LOS and (biased) NLOS range estimates. This analysis
showed that, in the absence of � �
��
� statistical information
on the NLOS range estimates, the MVUE discards the biased
NLOS range estimates and utilizes only LOS range information
while estimating sensor locations. However, as will be demon-

strated in the following sections, in the case of practical noneffi-
cient [22] estimators, such as the commonly used least squares
(LS) estimator [25], discarding NLOS range information does
not necessarily improve performance. Additionally, for 2-D
(3-D) location estimation, the LS estimator requires at least
three (four) range estimates in order to obtain an unambiguous
solution. In ad hoc networks, limited connectivity with anchors
may imply that we may not have the luxury of discarding any
range estimates. This suggests that, in general, given a mixture
of LOS and NLOS range estimates, we may be required to use
the entire set of available range information in order to estimate
a node’s location.

A semidefinite-programming approach to node localization
based on connectivity information was investigated in [26],
and a quadratic-programming approach with NLOS range es-
timates was discussed in [27], but these approaches result in
high computational complexity [28]. The residual weighting
algorithm was proposed in [29], whose advantage is that NLOS
identification is not required � �
��
�. However, this algorithm
implicitly assumes that the range-measurement noise is much
smaller than the NLOS-bias introduced in order to inherently
distinguish between the residuals from LOS and NLOS range
estimates. More importantly, it relies on the availability of a
large number of range estimates, several of which are LOS,
so that the set of range estimates finally selected to compute a
node’s location results in the smallest residual error. However,
in indoor networks, situations may arise where only NLOS
range estimates are available while estimating a node’s location.

The statistics of the NLOS bias errors depend on the spatial
distribution of scatterers in the propagation environment. Given
the scattering model for the environment, the statistics of TOA
measurements can be obtained, and well-known techniques
such as maximum � �����
��
� and maximum-likelihood es-
timation can be employed to mitigate the effects of NLOS
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errors [30]. However, in an �� ��� wireless network, the dis-
tribution of scatterers in the propagation environment may not
be available, and therefore, we assume that the statistics of the
NLOS bias errors are unknown � �
��
�.

In this paper, we present a novel computationally efficient
linear-programming (LP) approach that effectively incorporates
both LOS and NLOS range information into the estimation of a
node’s location. An LP approach was briefly mentioned for the
case of NLOS range estimates in [28] but was not pursued. We
demonstrate that this low-complexity LP approach can be gen-
eralized to handle a mixture of LOS and NLOS range estimates
(with the “only LOS” and “only NLOS” range-information sce-
narios as subcases) without discarding any range information.
The main advantages of this approach are as follows.

1) The statistics of the NLOS bias errors are not assumed to
be known � �
��
�.

2) No range information is discarded.
3) It outperforms the LS estimator, given a mixture of LOS

and NLOS range estimates.
4) It can be generalized and extended to handle degenerate

cases with insufficient (� 3) LOS range estimates.
In the proposed approach, we leverage the following features
of UWB TOA-based range estimation: 1) the range bias er-
rors in NLOS conditions are always positive and significantly
larger in magnitude than the range-measurement errors in LOS
conditions [15] and 2) NLOS range estimates are readily dis-
tinguished from LOS range estimates through channel iden-
tification [21]. It is important to point out that, although the
development of the approach is from the perspective of UWB
location-aware networks, the approach itself is generally valid
for any location-aware system with the mentioned features.
For the purpose of analytical simplicity and clear exposition,
the development and insights that follow largely pertain to
2-D location estimation but can easily be extended to 3-D
localization scenarios.

This paper is organized as follows. In Section II, we discuss
the impact of NLOS bias errors on the accuracy of LS-location
estimates and the motivation for new approaches. Section III
discusses the LP approach to incorporating LOS range esti-
mates, NLOS range estimates, and, finally, a mixture of LOS
and NLOS range estimates, into node location estimation. In
Section IV, we discuss some extensions and a series of subcases
that need to be addressed in order to generalize the proposed
approach. Simulation results are presented in Section V, where
we evaluate the performance of the proposed method in terms
of node-localization accuracy. We also present two practical
scenarios (including a 3-D indoor scenario) in Section VI,
where the efficacy of the proposed approach is highlighted. Our
conclusions are presented in Section VII.

II. IMPACT OF NLOS BIAS ERRORS

�� ��������� ������� ��� �����������

Suppose that an “unlocalized” node’s (unknown) location
is � � �� ��� . Let � denote the set of anchor locations, and
� � � denote the set of locations of anchors which provide
LOS range estimates, with cardinality �� � ���. The known

locations of the LOS anchors are denoted by �����, � �
�� �� � � � ���. Similarly, � � � represents the set of locations
of anchors that provide NLOS range estimates, with �� �
�� �, and the known set of locations of the NLOS anchors is
represented by �����, � � �� �� � � � ��� .

The LOS range estimates �����, � � �� �� � � � ���, are mod-
eled as unbiased Gaussian [2] estimates of the actual internode
distances 	�� � �� 	 ����

��� � 	�� � 
�� � � � �� �� � � � ��� (1)

where 
�� represents zero-mean Gaussian range-measurement
noise in the �th LOS range estimate: 
�� 
 � ��� ����	. The
range-measurement noise variance ���� can be modeled as [31]

���� � ��	��
�� (2)

where 
� is the LOS path-loss exponent, and �� is a pro-
portionality constant (governed by the transmit power and the
receiver noise floor) that determines the accuracy of range
estimation. This model arises due to the fact that the accuracy
of TOA-based range estimates can be shown [32], [33] to
be inversely proportional to the received signal-to-noise ratio
(SNR) (or, more generally, the signal-to-interference-and-noise
ratio) assuming matched-filter detection. The above model for
the accuracy of range estimates [31] applies to both TOA- and
RSS-based range estimates when 
 � �. The vector of LOS
range estimates is denoted by �� � ������� � � � ���� ��������,
where �������� denotes a row vector of length 
.

The NLOS range estimates are assumed to be positively
biased Gaussian estimates [19] of the true distances

��� � 	�� � 
�� � ��� � � � �� �� � � � ��� (3)

where 	�� � �� 	 ����, 
�� 
 � ��� ����	, ���� �
��	��

�� , and ��� are the NLOS bias errors, and 
� is the
effective path-loss exponent under NLOS conditions. We
assume that the bias errors are always positive: ��� � �, 
�.
The bias errors ��� and the range-measurement noise 
�� are
assumed to be independent random variables. Although we
make no assumptions about the statistical distribution [24] of
the NLOS bias errors in the following development, for the
purpose of simulation, we assume that bias errors are uniformly
distributed: ��� 
 ���� ����	, where ���� represents the
maximum possible bias.1 Additionally, we assume that the bias
errors are, with high probability, much larger than the range-
measurement noise ���� � ��� , � � �� �� � � � ��� . Finally,
without loss of generality, we assume that the coordinate axes
are selected such that � � �.

�� �����
���� ���� ����� 
��������

As we shall show in a later section, when we have at least
three range estimates, the LS estimator [25] can be used to
compute an estimate 
� of the unlocalized node’s location �.

1Practically speaking, ���� would depend on the propagation environment
and physical-layer parameters, such as the transmit power.
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Fig. 2. (a) This example shows several instances of the LS location estimate ��, one for each realization of the range estimates, for 1) (top) only �� � � LOS
estimates and 2) (bottom) including �� � � LOS and �� � � NLOS range estimates. The NLOS range estimate is treated exactly like an LOS range estimate
and directly incorporated into the LS solution in the bottom figure. In this case, the addition of the biased NLOS range estimate degrades localization accuracy
with respect to �� and ��. (b) In this case, the addition of the biased NLOS range estimate improves localization accuracy with respect to �� and ��. In both
cases, � � �� ���, �� � �, �� � ���, �� � 	��, and ���� � 
 m.

We define the localization error, a measure of the accuracy of
the location-estimate 
�, as

� � �� 	 
��� (in square meters)� (4)

It must be noted that � is a random variable, with different
instances corresponding to different realizations of the range-
measurement noise, bias errors, and anchor locations. There-
fore, we characterize the accuracy of location estimates through
the mean �	 and standard deviation �	 of the localization error
defined in (4); smaller values of both �	 and �	 indicate more
accurate node-location estimates on the average.

When �� � � and �� � �, the LS estimator provides
accurate estimates of a node’s location [25]. However, when
�� � �, we need effective ways of incorporating NLOS in-
formation into the estimation procedure. The CRLB analysis
presented in [23] and [24] showed that, in the absence of
prior statistical information on the NLOS range estimates,
the MVUE discards the biased NLOS range estimates and
utilizes only LOS range information while computing location
estimates. However, this approach may not be optimal when
using practical estimators, such as the LS estimator, that do
not achieve the CRLB. Fig. 2(a) and (b) shows the impact of
directly (without mitigation of the bias errors) incorporating
NLOS range estimates into the LS solution for two specific
scenarios. For the specific distribution of anchors shown in
Fig. 2(a), directly incorporating the NLOS ranges into the LS
solution without any mitigation of the bias in the range estimate
can degrade the average localization accuracy defined in terms
of �	 and �	. However, in some cases and, in particular,
for the example shown in Fig. 2(b), introducing the NLOS
range estimate directly into LS location estimation can improve
performance in terms of �	 and �	.

Generally speaking, it is observed that discarding the NLOS
range estimates does not result in poor performance when the
geometry of LOS anchor nodes has certain properties, best
described by the geometric dilution of precision (GDOP) [2],
where a large GDOP (as defined in [2]) implies poor localiza-
tion accuracy. It has been observed that when the GDOP of LOS
anchors is large, the presence of an additional NLOS range esti-
mate results in an improvement in performance: The addition of
an NLOS node typically reduces the effective GDOP, and this
compensates for the inaccuracy of the NLOS range estimate.

These two examples show that 1) directly incorporating
NLOS range estimates into existing practical estimators with-
out reducing the impact of bias errors can adversely affect
localization accuracy; however, 2) we do not wish to discard
the NLOS range estimates, since their use could improve the
performance of practical estimators under certain conditions.
Indeed, in indoor networks, we may have more NLOS range
estimates than LOS range estimates. Therefore, what is desired
is a method that allows the “soft activation” of NLOS range
information: The NLOS range estimates are not incorporated
directly but are used in conjunction with LOS range estimates
when LOS range estimates alone do not guarantee accurate
node location estimates. In the following sections, an LP ap-
proach that achieves this goal is described.

III. LP APPROACH

In this section, we show that the problem of node localiza-
tion, given LOS range information, can be cast into the form of
a linear program. We then modify the linear program to utilize
additional NLOS range information, resulting in a method that
utilizes a mixture of LOS and NLOS range estimates to estimate
a node’s location.
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�� ��� ����� 
��������

The LOS range estimates, which are modeled as unbiased
estimates of the true ranges, can be used to define conditions
satisfied by the unknown node location �. We can write

�� 	 ��	� � ��	 � �� 	 ��		� � �� 	 ��		�

� ���	� � � �� �� � � � ���� (5)

These relations are nonlinear equations in � and � and represent
the fact that � lies on a circle of radius ��	 whose center is ��	.
This system of equations can be linearized by extracting the
difference of each of these equations from the others, forming
a linear system of � �

���
�

�
distinct equations

�	�� � �	�� � �	� � �� � � �� �� �� � � � ���� � � �

where

�	� ���	 	 ���

�	� � ��	 	 ���

�	� �

�
���	 	 ����

�
�

�
���	 	 ����

�
	

�
���	 	 ����

�

�
� (6)

Each of these � equations can be viewed as representing
the lines connecting the intersection points (if any) of pairs
of circular constraints defined in (5). As the range estimates
defined in (1) are noisy, in general, ��	 �� 	�	, and solving
these equations simultaneously may not yield a unique solution.
Resorting to an error-minimization approach, for every poten-
tial solution � and for every equation, we can define the residual
error as

�	� � �	�� � �	�� 	 �	� � �� � � �� �� �� � � � ���� � � ��
(7)

The final estimate 
� can be selected such that an objective
function �, such as the sum of the residual-error squares, is
minimized


� � 
�� ���
�

� � 
�� ���
�

�

	

�

�
��	

��	� �

This is the equivalent to the LS approach defined in [25]. It is
important to note that 1) although the system of equations in (6)
is linear, the objective function � is nonlinear in � and �, and
2) we require �� � � to form an unambiguous solution.2 The
LS solution is given by


� � ����		���� (8)

where

� �
�
��� ��
 � � � ���� ��
 � � � ����	����

��� ��
 � � � ���� ��
 � � � ����	����

��

���
(9)

2In the 3-D case, we require �� � 
.

and

� � � ��� ��
 � � � ���� ��
 � � � ����	���� ����� �
(10)

Looking at (7), we see that the set of variables ��	�� plays the
role of unconstrained “slack variables” [34] in the system of
� equations. Therefore, this linear system of equations can be
converted to a linear program [34] if the objective function � is
a linear function of the unknowns. Specifically, if we define

� ��
�

	

�

�
��	

��	� �

and then replace the unconstrained variable �	� by ��	� 	 �	
	� ,

��	� � �, �	
	� � �, we can write an alternative linearized objec-

tive function, that is to be minimized, as

� ��
�

	

�

�
��	

�
��	� � �	

	�
�
� (11)

It must be noted that, in the optimal solution that minimizes �,
only one term among ���	� � �

	
	�� will be equal to ��	� �, with the

other being zero [34]. The constraints are then given by

�	��� �	��	��	� ��	
	� ��	� � �� � � �� �� �� � � � ���� � � ��

(12)

Since there are now �� nonnegative slack variables, the vector
� of ��� � �	 variables can be written as � � �� � ����, where

� �
�
���� �

	
�� �

�
�
 �

	
�
 � � � �����	����

�	
���	����

��
����

�
(13)

Thus, the linear program can be formulated in standard form
[34] as

���� � ��
��

such that

���� �� � ��� � � (14)

where � and � were, respectively, defined in (9) and (10)

� �

�

		


	� � � � � � � � � � � �
� � 	� � � � � � � � � �
...

...
� � � � � � 	� �

�

��


����

(15)

and �� � ���
��� ��

������. Here, �
�� represents a � � � ma-
trix of zeros, and �
�� represents a � � � matrix of ones.

It can be verified [1] that the linearization of the objective
function does not result in significant degradation of the lo-
calization accuracy. Therefore, we now have a linear program
that can be used to solve for a node’s location given LOS
range estimates. In this linear program, the objective function
�, which is defined in (11), is a function of the distances of a
point � to the straight lines given in (6). If we use NLOS range
estimates in a similar manner, by incorporating them into the
objective function, we could potentially degrade the accuracy
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of the location estimate. Instead, as described in the following
section, we can use the NLOS range estimates to constrain
the feasible region for � without affecting the objective func-
tion defined using LOS range estimates, thereby limiting the
possibility of large errors, particularly when the number of LOS
range estimates is small.

�� ���� ����� 
��������

As the bias errors in the NLOS range estimates are always
positive and are assumed to be much larger than the range-
measurement noise, we know each NLOS range estimate ��	
defined in (3) is, with high probability, larger than the true
range 	�	, � � �� �� � � � ��� . Based on this observation, we
can convert the NLOS range estimates into inequalities for
� � �� �� � � � ���

�� 	 ��	� � ��	 � �� 	 ��		�� �� 	 ��		�� ���	� (16)

These inequalities imply that the feasible region for � lies in the
interior of each of the circular constraints defined by (16). Note
that this assumption cannot be made if the standard deviation
of the zero-mean measurement noise and the positive bias in
(3) are comparable. Once again, these are nonlinear constraints
on � and �. However, these constraints can be relaxed to the
following linear constraints, as suggested in [28]:

� 	 ��	 � ��	� 	� � ��	 � ��	

� 	 ��	 � ��	� 	� � ��	 � ��	� � � �� �� � � � ��� �

(17)

This essentially relaxes the circular constraints to rectangular
constraints, as shown in Fig. 3(a). It is readily seen that the new
rectangular feasible region contains the original (convex) fea-
sible region formed by the intersection of the original circular
regions. We can now write the above four constraints for the �th
NLOS range estimate in standard form [34]

� 	 ��	 � ��	 � ��	� 	� � ��	 � ��	 � ��	

� 	 ��	 � ��	 � ��	� 	� � ��	 � ��	 � ��	

��	� ��	� ��	� ��	 � �� � � �� �� � � � ��� (18)

where ��	, ��	, ��	, and ��	 are the slack variables corre-
sponding to the �th NLOS range estimate. Defining 		 �
��	� ��	 �	� ��	 ����
 and �	 � �� � 	�

	 �� as the vectors
of variables corresponding to the �th NLOS range estimate, we
can express the above equations in matrix form as

�
�� �
�
��	 � �	� �	 � �

where


� �

�

	


� �
	� �
� �
� 	�

�

�
 � �	 �

�

	


��	 � ��	
��	 	 ��	
��	 � ��	
��	 	 ��	

�

�


and ���� denotes an 
 � 
 identity matrix. We can now stack
the constraints corresponding to each of the �� NLOS range

estimates to form a system of � � ��� equations as follows:

�
���� �� � �� � � �

where


 � � 
�
� 
�

� � � � 
�
� �������

� � � ��� ��� � � � ����
������� (19)

	 � � 	�
� 	�

� � � � 	�
��

������� (20)

with the vector of variables being defined as

� � �� � 	�������������

It is important to note that, in the above analysis, no objective
function was defined based on the NLOS range estimates,
and only a feasible region for � was derived. The feasible
region can further be constrained by including the tangents
at the intersection points of the circular constraints defined
in (16) to reduce the size of the feasible region, as shown in
Fig. 3(b). In the following section, we integrate the constraints
and objective function obtained using LOS range estimates with
the NLOS constraints defined above, for the problem of node
location estimation given any mixture of LOS and NLOS range
estimates, such that �� � �, �� � �.

�� ���	����� ��� ��� ��� ���� ����� �� �
������

Based on the above sections, given �� � � LOS range
estimates and �� � � NLOS range estimates, we can combine
them into a single linear program. We define the vector of
variables as

� � �� � � 	��������������

where � and 	 are, respectively, defined in (13) and (20). The
objective function � is defined as

� � ���

where �� � �� � ����� ���������������. The complete
linear program is then formulated as

���� � ��� such that

�� � 
� � � �

where

� �
�

�� � ����

� ����� ����

�

��������������


 �
�

�
�

�

����������
�

In the above equations, the matrices �, � , and 
 are, respec-
tively, defined in (9), (15), and (19), and the vectors � and � are
defined in (10) and (19), respectively.

It must be pointed out that, in the above linear program,
LOS range information is primarily used to define the objective
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Fig. 3. (a) Linearization of �� � � NLOS constraints: The NLOS circular constraints are converted to rectangular constraints. (b) Tangents at the intersections
can be used to further reduce the size of the feasible region.

function, whereas the NLOS range information is used only
to define the feasible region. This allows the NLOS range
estimates to “assist” in improving the accuracy of location
estimates by limiting the size of the feasible region but does
not allow the NLOS bias errors to adversely affect node-
localization accuracy, since the NLOS range information plays
no part in defining the objective function. The efficacy of
the proposed method is demonstrated through simulations in
Section V. The above approach works for any mixture of LOS
and NLOS range estimates, provided �� � �, �� � �. In
the following section, we discuss some special subcases where
there are insufficient LOS and NLOS range estimates to apply
the approach described above.

IV. EXTENSIONS, SPECIAL CASES, AND ANALYSIS

In the previous section, we formulated the “basic-LP,” which
utilizes NLOS constraints to generate a rectangular feasible
region to limit the potential values for 
�. Intuitively, reduc-
ing the size of the feasible region can limit large values of
the localization error, improving average localization accuracy.
In this section, we consider extensions of the basic LP that
utilize additional constraints to further reduce the size of the
feasible region. We also consider several special cases where
the number of LOS range estimates is not sufficient to apply
the conventional LS solution. We then present an analytical
perspective on the impact of the size of the feasible region on
the performance of the LP approach.

�� !����"��� �����
 #����	�� ������

Fig. 3(b) illustrates the use of the tangents at the points of
intersection of the circular constraints in reducing the size of the
feasible region. Given �� � � NLOS constraints, there are a
maximum of � � �

���
�

�
points of intersection. Consequently,

as a tangent to each circle can be drawn at each intersection
point, there are, at most, �� tangents that can be drawn to
confine the feasible region. If the points of intersection of the

NLOS circular constraints, which is defined in (16), are denoted
by �	 � ���	 ��	��, � � �� �� � � � � �, then a feasible region can
be constructed using the convex hull [34] of these points, which
is given by

� �

�

�

�����
� �

��

	��

 	�	� � �  	 � �� 
�

�

� (21)

It must be noted that, as shown in Fig. 3(b), the above feasible
region � is different from the original feasible region discussed
in Section III-C and can either be used instead of or in addition
to the previously defined feasible region. In order to incorporate
the above constraints into the original linear program, we can
restructure the constraints in (21) into the following form:

� 	
��

	��

 	��	 � �

� 	
��

	��

 	��	 � �� �� 	 ��� � � �� �� � � � � ��

The vector of variables, in this case, is

� � �� � ������������ � � � �  � � � �  �������

The above constraints can be written in matrix form using

�� � ����� � � �� � � ����

where

� �
�

� � 	��� 	��� � � � 	���
� � 	��� 	��� � � � 	���

�
� ����� �����

and

���� �
�

	��� 	��� � � � 	���
	��� 	��� � � � 	���

�
�
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�� 
$������� �� ��� 
��������

In the development of the basic LP, while LOS range esti-
mates are used to define the objective function and the feasible
region of the linear program, the NLOS range estimates con-
tribute solely in constraining the feasible region. In the absence
of NLOS range estimates (�� � �, �� � �), it has been
verified [1] that the performance of the LP approach in terms
of the mean and standard deviation of the localization error is
similar to that of the LS estimator. However, given only LOS
range estimates, we can artificially introduce a bias to create
“artificial” NLOS range estimates, which can then be used to
confine the feasible region. The underlying assumption here is
that a rough estimate of (or at least an upper bound on) the
standard deviation of the LOS range estimates is known, such
that a large enough bias (sufficiently larger than the standard
deviation of the LOS range estimates) can be determined. Thus,
even in the absence of “true” NLOS range estimates, we have
a method of restricting the feasible region, thereby providing
performance gains relative to the LS approach.

If �� is the given vector of LOS range estimates, introducing
a sufficiently large bias results in the “artificial NLOS” vector
of range estimates

��� � �� � ��

where �� denotes the vector of introduced bias terms. This serves
as the vector of NLOS range estimates when �� � �, and the
linear program is formulated exactly as in the case of the basic
LP, which is developed in Section III-C, by replacing ��� with
���� . When �� � �, ��� is concatenated with �� , resulting in
constraints given by (19), where 
, �, and 	 are, respectively,
replaced by

�
 � � 
�
� 
�

� � � � 
�
� ����� ���

�� � � �� ���� ����� ��� (22)

�	 � � 	�
� 	�

� � � � 	�
�����

����� ��� (23)

and �� � ���� � ��	. In the following section, we present a
formulation of the linear program, complete with the extensions
discussed above.

�� �������� �����
 !
��
��

Based on the above sections, we can now formulate the
complete “extended LP.” In this case, the feasible region is de-
termined by 1) both NLOS and “artificial NLOS” constraints, as
well as 2) the tangents at intersections of NLOS and “artificial
NLOS” circular constraints. The formulation of the extended
linear program and the vector of the variables are as follows:

� � �� � � �	 ������������� ������	

where � and �	 are, respectively, defined in (13) and (23). In
this case, �� � � �  � � � �  �� ������, �� � �

������
�

�
. The

objective function � is defined as

� � ���

where �� � �� � ����� � ���� �������������� ������. The
linear program is then formulated as

���� � ��� such that

�� � 
� � � �� �� � �����

where

� �

�



����� ����� ����� �����

 ����� � ����� � ����� � �����
����� ����� ����� �����

�




���������������������


 �

�



�
�

�����

�




������ ���������

�� ������� �����

The extended linear program described above can be used
to accurately estimate a node’s location for a large number of
cases with a mixture of LOS and NLOS range estimates, when
�� � �, �� � �. In order to generalize the scheme to handle
other degenerate cases, we consider the exceptions as follows.

���� �%�� � �� �� � �& If no LOS range estimates are
available, then the LP approach in the form discussed above will
not be applicable since the NLOS range estimates are not used
to define an objective function. An example of this situation
with �� � � is shown in Fig. 4(a). In this case (if �� � �),
we could either use the LS estimator without the mitigation of
bias errors or simply use the centroid of the feasible region as a
location estimate


� �
�



��

	��

�	

where �	, � � �� �� � � � � 
 are the vertices of the feasible region.
In the case of the basic LP, the feasible region is rectangular
�
 � �	 and it is straightforward to show that


� �
�
�

�
���	���	 � ��	� � �
�	���	 	 ��	�
���	���	 � ��	� � �
�	���	 	 ��	�

�
�

���� ��%�� � �� �� � �& This situation is illustrated in
Fig. 4(b) and (c), which represents two subcases. Since �� �
�, we have a single LOS-equality constraint, and the lineariza-
tion performed in (6) is not possible. In the first subcase
[Fig. 4(b)], the circle formed using the LOS range estimate
��� passes through the feasible region formed by the NLOS
constraints (and with LOS constraints in the extended LP). In
such a case, the center of the arc of the circle within the feasible
region can be selected as the solution. In the second subcase,
illustrated in Fig. 4(c), the circular constraint formed using the
LOS range estimate does not pass through the feasible region.
In such a case, we can pick the vertex of the feasible region that
is closest to the circle as a potential solution, i.e.,


� � 
�� ���
��

�� ��	 	 ���� 	 ����� �
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Fig. 4. Special cases, with �� � � and �� 	 �. (a) Case I: �� � 	 and �� � �. The vertices of the feasible region are denoted by ��, ��, ��, and �	.
(b) Case II: �� � �, �� � �. Subcase 1: LOS constraint cuts through the feasible region generated using the NLOS constraints. (c) Case II: �� � �, �� � �.
Subcase 1: LOS constraint does not pass through the feasible region generated using the NLOS constraints. (d) Case III: �� � �, �� � �, Subcase 2: Feasible
region contains one of two intersection points of the circle. (e) Case III: �� � �, �� � �. Subcase 3: Feasible region contains both intersection points of the
circle.

���� ���%�� � �� �� � �& In this case, since �� � �,
we have two circular constraints, and the linearization of LOS
estimates is not particularly useful since a single linear con-
straint is generated using the difference. Therefore, instead of
two potential solutions corresponding to the intersections of
the two circles, we have an infinite number of solutions. It is
easier to compute the two intersections of the circles, and if
there are additional NLOS constraints, three subcases arise:

1) Neither of the intersection points lies inside the feasible
region formed by the NLOS constraints; 2) only one of the
intersection points lies inside the feasible region [Fig. 4(d)];
and 3) both intersection points lie inside the feasible region
formed by the NLOS constraints [Fig. 4(e)]. When neither
intersection point lies inside the feasible region formed by the
NLOS constraints, we can pick the intersection that lies closest
to the centroid of the feasible region. In the second subcase,
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Fig. 5. (a) Upper bound on the probability 
 that the true solution lies outside the feasible region generated using �� NLOS range estimates for different values
of �� and ����. (b) Area � of the feasible region as �� increases for different values of �� and ����.

we can simply pick the intersection point that lies within the
feasible region. In the last subcase, in order to eliminate one of
the solutions, consider the following approach: Since the NLOS
range estimates are larger than the true ranges, decrement the
NLOS range estimates by small amounts until only one of
the intersection points remains inside the feasible region. The
intersection point remaining in the feasible region is likely to
be closer to the true location than the intersection point that lies
outside the feasible region and can be selected as the location
estimate.


� ������ � ��� ���	�
 � ���� ����� 
��������

The efficacy of the proposed approach depends on the fact
that the NLOS-bias errors are much larger than the range-
measurement noise, so that, the true node location � lies inside
the feasible region generated using the NLOS range estimates.
Given that the true node location lies inside the feasible region,
it is evident that reducing the size of feasible region improves
localization accuracy by limiting the localization error. As the
number of NLOS range estimates �� increases or as ����
decreases, two trends, which have opposing effects on the
localization error, are expected: 1) The probability ! that the
true solution lies outside the feasible region formed by NLOS
estimates increases and 2) the area " of the feasible region
decreases. If the true solution lies inside the feasible region,
then reducing the area of the feasible region also reduces the
mean and variance of the localization error. It is important to
point out that, even if the true location does not lie inside the
feasible region, this does not automatically imply a large lo-
calization error (particularly when the feasible region is small),
although the two events are correlated. This suggests that the
area of feasible region " may play a more significant role in
determining average localization error than the probability !.

The probability ! that � lies outside the linear feasible region
formed using NLOS range estimates can be upper bounded

by the probability that the true distance �� 	 ���� is larger
than the range estimate ��� for at least one value of �, � �
��� �� � � � ��� �. In such a case, the region of overlap between
the NLOS constraints does not contain the true location �. From
the model for NLOS range estimates, which is given in (3), !
can be bounded by

! � � 	
���

���

#� (24)

where #� is given by

#� ������� �	���������� �
�� � ��� ���� �� � � � ��� �

It must be emphasized that (24) is an upper bound for !,
since the right-hand side of (24) represents the probability
that the true solution lies outside the original feasible region
formed using circular constraints, which is contained within the
linearized feasible region. Assuming that 
�� 
 � ��� ����	
and ��� 
 ���� ����	, we can show that (see Appendix)

#� � � 	
�
�

����
�
$��

�

�
	

�
�

�%

�

�� 	 �
���

�
�

$�

�

�

$� �
����

���
� (25)

Fig. 5(a) shows the variation of the probability !, which
is computed using (24) and (25), as �� increases, with the
simulation parameters used in Fig. 2(a) and (b). Fig. 5(b) shows
the decrease in the area of the feasible region as the number of
available NLOS range estimates increases. We see that, as����
increases, the area of the feasible region is larger, implying
reduced gains due to NLOS constraints on the feasible region,
but the probability �� 	 !	 of the feasible region containing
the true location increases. Furthermore, we do observe that
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